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Heavy solitons in a fermionic superfluid
Tarik Yefsah1, Ariel T. Sommer1, Mark J. H. Ku1, Lawrence W. Cheuk1, Wenjie Ji1, Waseem S. Bakr1 & Martin W. Zwierlein1

Solitons—solitary waves that maintain their shape as they propagate—occur as water waves in narrow canals, as light
pulses in optical fibres and as quantum mechanical matter waves in superfluids and superconductors. Their highly
nonlinear and localized nature makes them very sensitive probes of the medium in which they propagate. Here we
create long-lived solitons in a strongly interacting superfluid of fermionic atoms and directly observe their motion. As
the interactions are tuned from the regime of Bose–Einstein condensation of tightly bound molecules towards the
Bardeen–Cooper–Schrieffer limit of long-range Cooper pairs, the solitons’ effective mass increases markedly, to more
than 200 times their bare mass, signalling strong quantum fluctuations. This mass enhancement is more than 50 times
larger than the theoretically predicted value. Our work provides a benchmark for theories of non-equilibrium dynamics
of strongly interacting fermions.

Solitonic excitations are found throughout nature, in proteins and DNA,
in crystals as dislocations, and generally in the wake of symmetry-
breaking phase transitions1. In fermionic systems, solitonic defects may
provide bound states for fermions that often play a crucial role in the
system’s transport properties. Famous examples are Andreev bound
states inside vortex cores2, fractionally charged solitons in relativistic
quantum field theory3,4, and the spinless charged solitons responsible
for the high conductivity of polymers5. However, the free motion of
such defects in electronic systems is hindered by pinning at impurities5,6.
Fermionic superfluids of ultracold atomic gases provide a paradig-
matic form of quantum matter7–9 that is free of impurities, where—
as we show here—real-time dynamics of solitonic excitations can be
directly observed.

Superfluids are described by a complex macroscopic wavefunction
that is rigid against twists of its phase. The ground state of the super-
fluid thus has uniform phase, and small perturbations propagate as
sound waves. A nonlinear excitation—the dark soliton—occurs when
the phase is twisted substantially over a short range. In the extreme
case of a phase jump by 180u, the wavefunction changes sign and cro-
sses zero at the location of the jump, creating a stationary black soliton.
In weakly interacting Bose–Einstein condensates (BECs) all bosons
reside in the condensate, so the particle density vanishes at a black
soliton, and is reduced for a moving dark soliton. Solitons in BECs
have been studied extensively both theoretically and experimentally10.
In a series of pioneering experiments, dark solitons have been created
via phase-imprinting11–14 or in the wake of shock waves15–17. Collisions
of two dark solitons17 and soliton oscillations14,17 were observed. Soli-
tons in weakly interacting BECs are well described as solutions to the
Gross–Pitaevskii equation, known in other contexts as the cubic non-
linear Schrödinger equation.

In fermionic superfluids7–9, solitons are phase twists in the wave-
function of fermion pairs18,19. For s-wave superfluids, the pair wave-
function is also known as the pairing gap D(r), which in general can
depend on the spatial location r. By tuning the interactions between
fermions, one can access the crossover from Bose–Einstein condensa-
tion of molecules to the Bardeen–Cooper–Schrieffer (BCS) state of
long-range Cooper pairs. In the limit of tight molecular pairing, inter-
actions between molecules are weak and the molecular condensate is
still described by the Gross–Pitaevskii equation. Stationary solitons
are thus again devoid of particles. In this limit, the wavefunction for a
stationary soliton, shown in Fig. 1a, depends on position along the z

axis as D(z) 5 D0tanh(z/j), where D0 is the magnitude of the wave-
function in the bulk, far away from the soliton, and the soliton width j
is equal to the healing length of the condensate20. The repulsive inter-
actions between the molecular bosons can be increased by means of a
Feshbach resonance, allowing the study of strongly interacting Bose
gases7. Strong interactions increase the importance of quantum fluc-
tuations that are present even at zero temperature, leading to a deple-
tion of the condensate. The uncondensed bosons are expected to fill in
the soliton notch, the void at the soliton’s position, in order to mini-
mize their repulsive interaction with the condensate10,21–24. Figure 1a
shows the density profile of the bosons localized at the soliton, the so-
called anomalous mode that is predicted to be the main contribution
to the density inside the soliton notch21–23. Similar soliton filling has
been predicted for BECs in optical lattices, where the effect of inter-
actions and thus the role of quantum fluctuations is enhanced by
reducing the particles’ kinetic energy25.

Description of solitons in the BEC–BCS crossover
When the interaction strength in the pair condensate becomes of the
order of the Fermi energy (EF), the composite nature of the molecules
is revealed. The fermion pair size is now of the order of the interpar-
ticle spacing, and the system is a crossover superfluid in between the
BEC and BCS limits of superfluidity7–9. A unified description for soli-
tons in fermionic superfluids throughout the BEC–BCS crossover has
been found within mean-field theory via the Bogoliubov-de Gennes
(BdG) equation for a spatially varying gap D(z) (refs 19, 26–28):
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where h! is Planck’s constant h divided by 2p, m is the atomic mass, m is
the chemical potential, sx,y,z are Pauli matrices, and un(z) and vn(z) are
the amplitudes describing the particle and hole character of Bogo-
liubov quasi-particles of energy En (we omit spin indices). The order
parameter D(z) is related to the quasi-particle amplitudes by the self-
consistency relation D zð Þ~{g

P
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ling strength, tunable via the scattering length a between fermions,
and * denotes complex conjugation. The BdG equations have been
shown to reduce to the Gross–Pitaevskii equation for bosonic mole-
cules in the BEC limit29, where stationary solitons are devoid of part-
icles. As the interactions are tuned from the BEC to the BCS regime,
the BdG equations predict an increasing filling of the soliton19. At the
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Can we understand soliton phenomena beyond (fermionic) 
mean-field theory?
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Fermion Monte Carlo without fixed nodes: A game of life, death,
and annihilation in Slater determinant space
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We have developed a new quantum Monte Carlo method for the simulation of correlated
many-electron systems in full configuration-interaction !Slater determinant" spaces. The new
method is a population dynamics of a set of walkers, and is designed to simulate the underlying
imaginary-time Schrödinger equation of the interacting Hamiltonian. The walkers !which carry a
positive or negative sign" inhabit Slater determinant space, and evolve according to a simple set of
rules which include spawning, death and annihilation processes. We show that this method is
capable of converging onto the full configuration-interaction !FCI" energy and wave function of the
problem, without any a priori information regarding the nodal structure of the wave function being
provided. Walker annihilation is shown to play a key role. The pattern of walker growth exhibits a
characteristic plateau once a critical !system-dependent" number of walkers has been reached. At
this point, the correlation energy can be measured using two independent methods—a projection
formula and a energy shift; agreement between these provides a strong measure of confidence in the
accuracy of the computed correlation energies. We have verified the method by performing
calculations on systems for which FCI calculations already exist. In addition, we report on a number
of new systems, including CO, O2, CH4, and NaH—with FCI spaces ranging from 109 to 1014,
whose FCI energies we compute using modest computational resources. © 2009 American Institute
of Physics. #DOI: 10.1063/1.3193710$

I. INTRODUCTION

It has long been known that the only major obstacle
preventing the exact numerical simulation of many-electron
systems via stochastic methods such as diffusion quantum
Monte Carlo1 !DMC" or the related Green’s function Monte
Carlo2 !GFMC" is the Fermion sign problem.3 This problem
stems from the antisymmetry property of many-electron
wave functions to electron exchange, which leads to wave
functions which have both positive and negative amplitudes.
Since the Schrödinger equation can be viewed as a diffusion
equation in imaginary time, its lowest energy solution is, in
general, nodeless and symmetric, and therefore does not sat-
isfy the required Fermion antisymmetry. Stochastic propaga-
tion leads exponentially quickly to this undesired solution.
One way to prevent this “Boson catastrophe” is to constrain
the propagation to disjoint areas of similar sign using the
fixed-node approximation,4–7 a procedure which would be
exact if the applied nodal boundaries coincided with the ex-
act nodal hypersurface of the ground-state electronic wave
function. However, in practice, this is not the case, and it has
proven extremely difficult to improve the fixed-node surface
toward the exact one. The Fermion sign problem is thus rec-
ognized as one of the most important unsolved problems of
computational theoretical physics and chemistry. A key ques-
tion is whether the exact nodal hypersurface can emerge dur-

ing the course of a simulation. Such a simulation would
therefore not require any a priori information regarding the
nodes of the exact wave function. In this paper we describe a
new quantum Monte Carlo !QMC" method in which this
highly desirable property is shown to arise, for systems de-
scribed with basis sets commonly used in quantum chemis-
try. Our method is shown to converge on to the full
configuration-interaction !FCI" solution, i.e., the exact wave
function and energy for the basis set under consideration.8–11

In addition to reproducing existing FCI calculations, we have
used this method to predict the FCI energies of several mol-
ecules which have not been reported to date. We also report
a benchmark study of the Ne atom !correlating all electrons"
in several basis sets up to cc-pCVQZ, which has a FCI basis
exceeding 1014 determinants. That is over 10 000 times
larger than the largest FCI calculation reported to date.12 Our
method unifies QMC and FCI in a way which profoundly
extends the scope of both techniques.

There are three ingredients to the new method, which
take elements from DMC and FCI: !i" In common with
DMC, we perform a long-time integration of the imaginary-
time Schrödinger equation; however, in contrast to DMC,
this is achieved in a space of Slater determinants. In addition,
the propagation step in our algorithm differs from DMC in
that it consists purely of population dynamics !i.e., walker
birth and death processes". There are no diffusive moves as
such. !ii" In common with DMC, the instantaneous wave
function is represented using “walkers,” rather than ampli-
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Why a new projector quantum Monte Carlo?
Projector quantum Monte Carlo

• Solve the time-independent 
Schrödinger equation

• Find stochastic averages for the ground state energy and properties

Existing projector Monte Carlo methods

• Green’s function Monte Carlo (GFC: Kalos 1962)
• Diffusion Monte Carlo (DMC: JB Anderson 1975)
• Auxiliary-field quantum Monte Carlo (AFQMC)
• Path integral ground-state Monte Carlo (PIGS)

Why “Full configuration interaction quantum Monte Carlo” (FCIQMC: Booth, Thom, Alavi 2009)?

To get around the fixed-node approximation of DMC.
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Full configuration interaction quantum Monte 
Carlo (FCIQMC)

Major developments
• Integer formulation (Booth, Thom, Alavi 2009)

First formulation of algorithm
• Initiator rule (Cleland, Booth, Alavi 2010)

Approximation that softens the sign problem
• Population dynamics with sign problem (Spencer, Blunt, Foulkes 2012)

Improved understanding of the nature of the sign problem in FCIQMC
• Semistochastic FCIQMC and floating-point coefficients (Petruziello et al. 2012)

Reduces noise and improves efficiency
• Vector compression theory; fast randomized iterations (Lim, Weare 2017)

Our work
• Improved population control (Yang, Pahl, Brand 2020)
• Analysis of population control bias (Brand, Yang, Pahl arXiv:2103.07800)



FCIQMC principles

Representing the Hamiltonian as a matrix, turns the Schrödinger equation into a generic linear algebra problem:

FCIQMC iteration equation:

Discretised imaginary time evolution, or power method.

Fixed point (long time limit):

Coefficient vector

Scalar shift
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Stochastic sampling procedure
<latexit sha1_base64="LjkwQ4ShZ+gxjx7VA6EmvZWfJzI="></latexit>

c
(n+1) = c

(n) + �⌧
⇣
S(n)

1�H

⌘
c
(n)

The original formulation uses integer coefficients (walkers without weights).
In every time step, a single walker can spawn 0, 1, or 2 walkers.

Modern formulations use floating point coefficients, and stochastic vector compression.



Stochastic sampling procedure
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The sign problem as a critical phenomenon
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• The Monte Carlo sign problem appears 
as a phase transition in FCIQMC

• Algorithmic changes can lower the 
number of walkers where the phase 
transition occurs.

• Interesting connections to phase 
transitions and critical phenomena in 
complex networks remain to be 
explored.

• The initiator rule restores coherence:
Only configurations with above 
threshold population may spawn to 
unoccupied configurations
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Stochastic sampling with initiator rule
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• The initiator rule 
restores 
coherence:
Only 
configurations 
with above 
threshold 
population may 
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Completing the story: Population control
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It is necessary to control the
growth of the number of walkers:

restoring force
enforces target 
walker number
Yang, Pahl, Brand (2020)

damping term 
opposes change in 
walker number
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Depending on the value of the discriminant ζ2 − 4ξ, we can distin-
guish three cases corresponding to overdamped, critical, and under-
damped behavior. If ζ2 > 4ξ, the time constants are both real-valued
and both fundamental solutions show exponential damping. This is
the overdamped case. In the underdamped case of ζ2 < 4ξ, the square
root has imaginary solutions and both fundamental solutions are
products of an oscillating component and an exponential damping
factor.

The case of critical damping with

4ξ = ζ2 (14)

is of particular interest since it is the point at which the damping is
the fastest. The critical damping time is given by

Tc = δτ�
ξ
= 2
ζ δτ. (15)

Since the exponential ansatz only provides a single fundamental
solution of the second order differential equation, another indepen-
dent solution has to be found. It can be easily checked that a second
independent solution is t exp(−t/Tc). The general solution in the
critical damping case is then given by

x(t) = (a + bt)e− t
Tc . (16)

Note that the parameters ζ and ξ are dimensionless and determine
the decay time scale in units of δτ. That is, the number of time steps
until the solution decays, Tc/δτ, is dimensionless and independent
of the size of the time step δτ.

Figure 2 shows how the analytic solutions of the scalar model
(11) match FCIQMC simulations of the Bose–Hubbard model very
well, demonstrating that underdamped, critical, and overdamped
walker number dynamics can be achieved with the new update pro-
cedure of Eq. (4). The time evolution of the walker number is given
by Nw(t) = Ntex(t ) according to Eq. (6). In the steady-state (long-
time) limit, the solution becomes time-independent with x = 0 or
Nw → Nt. The time evolution of the shift is obtained from Eq. (10).
In the long-time limit, the left-hand side vanishes and S→ E0.

C. Walker number dynamics without forcing
In the original FCIQMC of Ref. 6, after reaching stage 2 of the

two-stage procedure (3), the evolution of shift and walker number
experience dampedmotion without restoring force (ξ = 0), and thus,
no predefined equilibrium exists. In this case, it is more convenient
to write the differential equation in terms of

s(t) ≡ S(t) − E0 = dx
dt

, (17)

which describes the deviation of the shift from the equilibrium value.
Combining Eqs. (8) and (10), we then obtain

ds(t)
dt

+
ζ
δτ s(t) = 0. (18)

FIG. 2. Walker population dynamics in FCIQMC with the shift-update procedure of
Eq. (4) (symbols) for the Bose–Hubbard model compared with the scalar model of
Eq. (11) (dashed lines). The top panel shows the evolution of the walker number
Nw for three different damping scenarios, and the middle and bottom panels show
the logarithm x = ln(Nw/Nt) and the shift S, respectively. We used ζ = 0.08 and set
ξ = 0.0016, 0.0008, 0.0064 representing the critical, overdamped, and under-
damped regimes, respectively. The initial conditions were Nw = 20 and S = 0 at
t = 0, and the target walker number was set to Nt = 10 000. The parameters of
the Bose–Hubbard model are M = N = 6 and U/J = 6. Other parameters used are
δτ = 0.001 J−1 and A = 1. The dashed lines show the asymptotic values Nt = 104,
x = 0, and E0 = −4.0 J in panels 1–3, respectively. The simulation data are only
shown at every tenth time step for clarity.

This is a simple damping equation with solution

s(t) = [S(0) − E0]e− t
Td , (19)

with the damping time

Td = δτ
ζ . (20)

The time dependence for the walker number follows from Eq. (6),

Nw(t) = Ntex(t). (21)

Choosing the time axis to start at t = 0 when entering stage 2 of
Eq. (3) whereNw(0) =Ncut and S(0) = S0, the exponential expression
for the walker number Nw(t) can be expressed as

J. Chem. Phys. 153, 174103 (2020); doi: 10.1063/5.0023088 153, 174103-5
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The population dynamics maps to a damped harmonic oscillator for 
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x = ln
N (n)

w

Nt
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N (n)
w = kc(n)k1 =

X

j

|c(n)j |

Yang, Pahl, Brand, J. Chem. Phys. 153, 174103 (2020)



A caveat: Population Control Bias

Bose Hubbard model in real space 

• Sign problem is absent (stoquastic Hamiltonian)
• Bias grows with system size
• Non-universal scaling with walker number

extrapolated energy per particle

system size

walker number

bi
as

 (e
ne

rg
y)

Mott insulator U/J = 6, N/M=1

Power law
depends on
interaction strength
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H = �J

X

hi,j,i

â
†
i âj + U

X

i

n̂i(n̂i � 1)

Brand, Yang, Pahl, arXiv:2103.07800

Kalos 1969
Hetherington 1984

Nightingale, Blöte 1986
Umrigar, Nightingale, Runge 1993

Vigor et al. 2015



A scalar model of population control

Brand, Yang, Pahl, arXiv:2103.07800
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dNw =
h
S(t)� Ẽ

i
Nw(t) dt� µNw(t) dW̌ (t)

dS = � ⇣

�⌧
d lnNw(t)�

⇠

�⌧2
ln

Nw(t)

Nt
dt

Consider time a continuous variable and write a 
stochastic differential equation for the 
walker number NW(t) and the shift S(t):

A variable transformation and use of Itô’s lemma allows us to 
identify the population control bias:
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x(t) = ln
Nw(t)

Nt
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dx =


S(t)� Ẽ � 1

2
µ2

�
dt� µdW̌ (t)

dS = � ⇣

�⌧
dx� ⇠

�⌧2
x(t) dt
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How to avoid the population control bias?
• Large walker numbers
• Importance sampling (but can worsen sign 

problem)
• Unbiased estimators via reweighting

• Nightingale, Blöte (1986)
• Umrigar, Nightingale, Runge (1993)

• Combination of importance sampling and 
reweighting
• Ghanem, Lieberman, Alavi (2021)

Brand, Yang, Pahl, arXiv:2103.07800

Reweighting procedure

shift

growth estimator

mixed 
estimator

exact energy

reweighting depth



Outline

Full Configuration Interaction Quantum Monte 
Carlo

Population Control Bias

Transcorrelated Method

Mobile Spin Impurity in 1D Bose Gas



Transcorrelated Method:
How to deal with the wave function cusp?

 

Two ultracold atoms

Short-range interactions lead to 
divergent wave functions

Can be avoided with 
transcorrelated (similarity) 
transformation

Basis set expansion converges 
much faster

Jeszenszki, Luo, Alavi, Brand, Phys. Rev. A (2018);
Phys. Rev. Research (2020)



Pseudopotential Hamiltonian (1D)

H = � ~2
2m

NX

j=1

@
2

@x
2
j

+
NX

j=1

V (xj)�
2~2
ma

X

hi,ji

�(xi � xj)
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ψ(x)
The delta potential produces cusp in wave function (Bethe-
Peierls boundary condition)

Approximating the 
cusp with a product 

of M plane waves.



Slow convergence

exact

M=10

M=20

M=100

M=500

-0.06 -0.04 -0.02 0.00 0.02 0.04 0.06 x

0.985

0.990

0.995

1.000

ψ(x)

Compute the ground state energy for spin-1/2 fermions by 
exact diagonalisation expansion, i.e. in a basis of Slater 
determinants (Fock states) from M orbitals. 

Harmonic oscillator basis 
(Grining et al. NJP (2015)):

Plane wave basis:

Renormalised
coupling constant:

Transcorrelated: 

E � Eexact ⇠
1p
M
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Jeszenszki, Luo, Alavi, Brand, Phys. Rev. A (2018)
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Transcorrelated approach
 (x1, . . . , xN ) = e⌧�(x1, . . . , xN )

<latexit sha1_base64="Vx+00HZ1GVjOu1BjpDnDC1086Bo=">AAACG3icbVDLSgNBEJz1GeMr6tHLYBAihLAbBHMRAl48SQTzgGxcZmcnyZDZ2WWmVxKW/IcXf8WLB0U8CR78GyePgyYWNBRV3XR3+bHgGmz721pZXVvf2MxsZbd3dvf2cweHDR0lirI6jUSkWj7RTHDJ6sBBsFasGAl9wZr+4GriNx+Y0jySdzCKWSckPcm7nBIwkpcruzXNC0PPKboiiEAXh97NGb7E7N4FkmC31l9yvVzeLtlT4GXizEkezVHzcp9uENEkZBKoIFq3HTuGTkoUcCrYOOsmmsWEDkiPtQ2VJGS6k05/G+NTowS4GylTEvBU/T2RklDrUeibzpBAXy96E/E/r51At9JJuYwTYJLOFnUTgSHCk6BwwBWjIEaGEKq4uRXTPlGEgokza0JwFl9eJo1yybFLzu15vlqZx5FBx+gEFZCDLlAVXaMaqiOKHtEzekVv1pP1Yr1bH7PWFWs+c4T+wPr6AboXn1A=</latexit><latexit sha1_base64="Vx+00HZ1GVjOu1BjpDnDC1086Bo=">AAACG3icbVDLSgNBEJz1GeMr6tHLYBAihLAbBHMRAl48SQTzgGxcZmcnyZDZ2WWmVxKW/IcXf8WLB0U8CR78GyePgyYWNBRV3XR3+bHgGmz721pZXVvf2MxsZbd3dvf2cweHDR0lirI6jUSkWj7RTHDJ6sBBsFasGAl9wZr+4GriNx+Y0jySdzCKWSckPcm7nBIwkpcruzXNC0PPKboiiEAXh97NGb7E7N4FkmC31l9yvVzeLtlT4GXizEkezVHzcp9uENEkZBKoIFq3HTuGTkoUcCrYOOsmmsWEDkiPtQ2VJGS6k05/G+NTowS4GylTEvBU/T2RklDrUeibzpBAXy96E/E/r51At9JJuYwTYJLOFnUTgSHCk6BwwBWjIEaGEKq4uRXTPlGEgokza0JwFl9eJo1yybFLzu15vlqZx5FBx+gEFZCDLlAVXaMaqiOKHtEzekVv1pP1Yr1bH7PWFWs+c4T+wPr6AboXn1A=</latexit><latexit sha1_base64="Vx+00HZ1GVjOu1BjpDnDC1086Bo=">AAACG3icbVDLSgNBEJz1GeMr6tHLYBAihLAbBHMRAl48SQTzgGxcZmcnyZDZ2WWmVxKW/IcXf8WLB0U8CR78GyePgyYWNBRV3XR3+bHgGmz721pZXVvf2MxsZbd3dvf2cweHDR0lirI6jUSkWj7RTHDJ6sBBsFasGAl9wZr+4GriNx+Y0jySdzCKWSckPcm7nBIwkpcruzXNC0PPKboiiEAXh97NGb7E7N4FkmC31l9yvVzeLtlT4GXizEkezVHzcp9uENEkZBKoIFq3HTuGTkoUcCrYOOsmmsWEDkiPtQ2VJGS6k05/G+NTowS4GylTEvBU/T2RklDrUeibzpBAXy96E/E/r51At9JJuYwTYJLOFnUTgSHCk6BwwBWjIEaGEKq4uRXTPlGEgokza0JwFl9eJo1yybFLzu15vlqZx5FBx+gEFZCDLlAVXaMaqiOKHtEzekVv1pP1Yr1bH7PWFWs+c4T+wPr6AboXn1A=</latexit><latexit sha1_base64="Vx+00HZ1GVjOu1BjpDnDC1086Bo=">AAACG3icbVDLSgNBEJz1GeMr6tHLYBAihLAbBHMRAl48SQTzgGxcZmcnyZDZ2WWmVxKW/IcXf8WLB0U8CR78GyePgyYWNBRV3XR3+bHgGmz721pZXVvf2MxsZbd3dvf2cweHDR0lirI6jUSkWj7RTHDJ6sBBsFasGAl9wZr+4GriNx+Y0jySdzCKWSckPcm7nBIwkpcruzXNC0PPKboiiEAXh97NGb7E7N4FkmC31l9yvVzeLtlT4GXizEkezVHzcp9uENEkZBKoIFq3HTuGTkoUcCrYOOsmmsWEDkiPtQ2VJGS6k05/G+NTowS4GylTEvBU/T2RklDrUeibzpBAXy96E/E/r51At9JJuYwTYJLOFnUTgSHCk6BwwBWjIEaGEKq4uRXTPlGEgokza0JwFl9eJo1yybFLzu15vlqZx5FBx+gEFZCDLlAVXaMaqiOKHtEzekVv1pP1Yr1bH7PWFWs+c4T+wPr6AboXn1A=</latexit>

⌧ =
X

ij

u(|xi � xj |)
<latexit sha1_base64="qYmSx0A7p23teqJFDFdyvd+WqXc=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQF5ZEBLsRCm5cVrAPaEKYTCfttJMH85CWtCs3/oobF4q49Rvc+TdO2yy09cCFwzn3cu89fsKokJb1beRWVtfWN/Kbha3tnd09c/+gIWLFManjmMW85SNBGI1IXVLJSCvhBIU+I01/cDP1mw+ECxpH93KUEDdE3YgGFCOpJc88diRS8Bo6QoVeSvsTqErjoUfPh15/fOaZRatszQCXiZ2RIshQ88wvpxNjFZJIYoaEaNtWIt0UcUkxI5OCowRJEB6gLmlrGqGQCDedvTGBp1rpwCDmuiIJZ+rviRSFQoxCX3eGSPbEojcV//PaSgYVN6VRoiSJ8HxRoBiUMZxmAjuUEyzZSBOEOdW3QtxDHGGpkyvoEOzFl5dJ46JsW2X77rJYrWRx5MEROAElYIMrUAW3oAbqAINH8AxewZvxZLwY78bHvDVnZDOH4A+Mzx8/b5hN</latexit><latexit sha1_base64="qYmSx0A7p23teqJFDFdyvd+WqXc=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQF5ZEBLsRCm5cVrAPaEKYTCfttJMH85CWtCs3/oobF4q49Rvc+TdO2yy09cCFwzn3cu89fsKokJb1beRWVtfWN/Kbha3tnd09c/+gIWLFManjmMW85SNBGI1IXVLJSCvhBIU+I01/cDP1mw+ECxpH93KUEDdE3YgGFCOpJc88diRS8Bo6QoVeSvsTqErjoUfPh15/fOaZRatszQCXiZ2RIshQ88wvpxNjFZJIYoaEaNtWIt0UcUkxI5OCowRJEB6gLmlrGqGQCDedvTGBp1rpwCDmuiIJZ+rviRSFQoxCX3eGSPbEojcV//PaSgYVN6VRoiSJ8HxRoBiUMZxmAjuUEyzZSBOEOdW3QtxDHGGpkyvoEOzFl5dJ46JsW2X77rJYrWRx5MEROAElYIMrUAW3oAbqAINH8AxewZvxZLwY78bHvDVnZDOH4A+Mzx8/b5hN</latexit><latexit sha1_base64="qYmSx0A7p23teqJFDFdyvd+WqXc=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQF5ZEBLsRCm5cVrAPaEKYTCfttJMH85CWtCs3/oobF4q49Rvc+TdO2yy09cCFwzn3cu89fsKokJb1beRWVtfWN/Kbha3tnd09c/+gIWLFManjmMW85SNBGI1IXVLJSCvhBIU+I01/cDP1mw+ECxpH93KUEDdE3YgGFCOpJc88diRS8Bo6QoVeSvsTqErjoUfPh15/fOaZRatszQCXiZ2RIshQ88wvpxNjFZJIYoaEaNtWIt0UcUkxI5OCowRJEB6gLmlrGqGQCDedvTGBp1rpwCDmuiIJZ+rviRSFQoxCX3eGSPbEojcV//PaSgYVN6VRoiSJ8HxRoBiUMZxmAjuUEyzZSBOEOdW3QtxDHGGpkyvoEOzFl5dJ46JsW2X77rJYrWRx5MEROAElYIMrUAW3oAbqAINH8AxewZvxZLwY78bHvDVnZDOH4A+Mzx8/b5hN</latexit><latexit sha1_base64="qYmSx0A7p23teqJFDFdyvd+WqXc=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQF5ZEBLsRCm5cVrAPaEKYTCfttJMH85CWtCs3/oobF4q49Rvc+TdO2yy09cCFwzn3cu89fsKokJb1beRWVtfWN/Kbha3tnd09c/+gIWLFManjmMW85SNBGI1IXVLJSCvhBIU+I01/cDP1mw+ECxpH93KUEDdE3YgGFCOpJc88diRS8Bo6QoVeSvsTqErjoUfPh15/fOaZRatszQCXiZ2RIshQ88wvpxNjFZJIYoaEaNtWIt0UcUkxI5OCowRJEB6gLmlrGqGQCDedvTGBp1rpwCDmuiIJZ+rviRSFQoxCX3eGSPbEojcV//PaSgYVN6VRoiSJ8HxRoBiUMZxmAjuUEyzZSBOEOdW3QtxDHGGpkyvoEOzFl5dJ46JsW2X77rJYrWRx5MEROAElYIMrUAW3oAbqAINH8AxewZvxZLwY78bHvDVnZDOH4A+Mzx8/b5hN</latexit>

e⌧
<latexit sha1_base64="y4X8YyDs59S1mpOlULla1avbFoM=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0RzDHgxWME84BkDbOTTjJmdmaZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jUo1wwZTQul2RA0KLrFhuRXYTjTSOBLYisY3M7/1hNpwJe/tJMEwpkPJB5xR66QmPnQtTXulsl/x5yCrJMhJGXLUe6Wvbl+xNEZpmaDGdAI/sWFGteVM4LTYTQ0mlI3pEDuOShqjCbP5tVNy7pQ+GSjtSloyV39PZDQ2ZhJHrjOmdmSWvZn4n9dJ7aAaZlwmqUXJFosGqSBWkdnrpM81MismjlCmubuVsBHVlFkXUNGFECy/vEqal5XArwR3V+VaNY+jAKdwBhcQwDXU4Bbq0AAGj/AMr/DmKe/Fe/c+Fq1rXj5zAn/gff4Akw2PFQ==</latexit><latexit sha1_base64="y4X8YyDs59S1mpOlULla1avbFoM=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0RzDHgxWME84BkDbOTTjJmdmaZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jUo1wwZTQul2RA0KLrFhuRXYTjTSOBLYisY3M7/1hNpwJe/tJMEwpkPJB5xR66QmPnQtTXulsl/x5yCrJMhJGXLUe6Wvbl+xNEZpmaDGdAI/sWFGteVM4LTYTQ0mlI3pEDuOShqjCbP5tVNy7pQ+GSjtSloyV39PZDQ2ZhJHrjOmdmSWvZn4n9dJ7aAaZlwmqUXJFosGqSBWkdnrpM81MismjlCmubuVsBHVlFkXUNGFECy/vEqal5XArwR3V+VaNY+jAKdwBhcQwDXU4Bbq0AAGj/AMr/DmKe/Fe/c+Fq1rXj5zAn/gff4Akw2PFQ==</latexit><latexit sha1_base64="y4X8YyDs59S1mpOlULla1avbFoM=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0RzDHgxWME84BkDbOTTjJmdmaZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jUo1wwZTQul2RA0KLrFhuRXYTjTSOBLYisY3M7/1hNpwJe/tJMEwpkPJB5xR66QmPnQtTXulsl/x5yCrJMhJGXLUe6Wvbl+xNEZpmaDGdAI/sWFGteVM4LTYTQ0mlI3pEDuOShqjCbP5tVNy7pQ+GSjtSloyV39PZDQ2ZhJHrjOmdmSWvZn4n9dJ7aAaZlwmqUXJFosGqSBWkdnrpM81MismjlCmubuVsBHVlFkXUNGFECy/vEqal5XArwR3V+VaNY+jAKdwBhcQwDXU4Bbq0AAGj/AMr/DmKe/Fe/c+Fq1rXj5zAn/gff4Akw2PFQ==</latexit><latexit sha1_base64="y4X8YyDs59S1mpOlULla1avbFoM=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0RzDHgxWME84BkDbOTTjJmdmaZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jUo1wwZTQul2RA0KLrFhuRXYTjTSOBLYisY3M7/1hNpwJe/tJMEwpkPJB5xR66QmPnQtTXulsl/x5yCrJMhJGXLUe6Wvbl+xNEZpmaDGdAI/sWFGteVM4LTYTQ0mlI3pEDuOShqjCbP5tVNy7pQ+GSjtSloyV39PZDQ2ZhJHrjOmdmSWvZn4n9dJ7aAaZlwmqUXJFosGqSBWkdnrpM81MismjlCmubuVsBHVlFkXUNGFECy/vEqal5XArwR3V+VaNY+jAKdwBhcQwDXU4Bbq0AAGj/AMr/DmKe/Fe/c+Fq1rXj5zAn/gff4Akw2PFQ==</latexit>

- Jastrow factor – short-range correlation, the cusp
- smooth function – carries long-range correlations�

<latexit sha1_base64="t2s3oVpwNo2M1fJnaMiHUTY+ntA=">AAAB63icbVBNSwMxEJ34WetX1aOXYBE8lV0R7LHgxWMF+wHtUrJpthuaZJckK5Slf8GLB0W8+oe8+W/MtnvQ1gcDj/dmmJkXpoIb63nfaGNza3tnt7JX3T84PDqunZx2TZJpyjo0EYnuh8QwwRXrWG4F66eaERkK1gund4Xfe2La8EQ92lnKAkkmikecEltIw3bMR7W61/AWwOvEL0kdSrRHta/hOKGZZMpSQYwZ+F5qg5xoy6lg8+owMywldEombOCoIpKZIF/cOseXThnjKNGulMUL9fdETqQxMxm6TklsbFa9QvzPG2Q2agY5V2lmmaLLRVEmsE1w8Tgec82oFTNHCNXc3YppTDSh1sVTdSH4qy+vk+51w/ca/sNNvdUs46jAOVzAFfhwCy24hzZ0gEIMz/AKb0iiF/SOPpatG6icOYM/QJ8/37eOFQ==</latexit><latexit sha1_base64="t2s3oVpwNo2M1fJnaMiHUTY+ntA=">AAAB63icbVBNSwMxEJ34WetX1aOXYBE8lV0R7LHgxWMF+wHtUrJpthuaZJckK5Slf8GLB0W8+oe8+W/MtnvQ1gcDj/dmmJkXpoIb63nfaGNza3tnt7JX3T84PDqunZx2TZJpyjo0EYnuh8QwwRXrWG4F66eaERkK1gund4Xfe2La8EQ92lnKAkkmikecEltIw3bMR7W61/AWwOvEL0kdSrRHta/hOKGZZMpSQYwZ+F5qg5xoy6lg8+owMywldEombOCoIpKZIF/cOseXThnjKNGulMUL9fdETqQxMxm6TklsbFa9QvzPG2Q2agY5V2lmmaLLRVEmsE1w8Tgec82oFTNHCNXc3YppTDSh1sVTdSH4qy+vk+51w/ca/sNNvdUs46jAOVzAFfhwCy24hzZ0gEIMz/AKb0iiF/SOPpatG6icOYM/QJ8/37eOFQ==</latexit><latexit sha1_base64="t2s3oVpwNo2M1fJnaMiHUTY+ntA=">AAAB63icbVBNSwMxEJ34WetX1aOXYBE8lV0R7LHgxWMF+wHtUrJpthuaZJckK5Slf8GLB0W8+oe8+W/MtnvQ1gcDj/dmmJkXpoIb63nfaGNza3tnt7JX3T84PDqunZx2TZJpyjo0EYnuh8QwwRXrWG4F66eaERkK1gund4Xfe2La8EQ92lnKAkkmikecEltIw3bMR7W61/AWwOvEL0kdSrRHta/hOKGZZMpSQYwZ+F5qg5xoy6lg8+owMywldEombOCoIpKZIF/cOseXThnjKNGulMUL9fdETqQxMxm6TklsbFa9QvzPG2Q2agY5V2lmmaLLRVEmsE1w8Tgec82oFTNHCNXc3YppTDSh1sVTdSH4qy+vk+51w/ca/sNNvdUs46jAOVzAFfhwCy24hzZ0gEIMz/AKb0iiF/SOPpatG6icOYM/QJ8/37eOFQ==</latexit><latexit sha1_base64="t2s3oVpwNo2M1fJnaMiHUTY+ntA=">AAAB63icbVBNSwMxEJ34WetX1aOXYBE8lV0R7LHgxWMF+wHtUrJpthuaZJckK5Slf8GLB0W8+oe8+W/MtnvQ1gcDj/dmmJkXpoIb63nfaGNza3tnt7JX3T84PDqunZx2TZJpyjo0EYnuh8QwwRXrWG4F66eaERkK1gund4Xfe2La8EQ92lnKAkkmikecEltIw3bMR7W61/AWwOvEL0kdSrRHta/hOKGZZMpSQYwZ+F5qg5xoy6lg8+owMywldEombOCoIpKZIF/cOseXThnjKNGulMUL9fdETqQxMxm6TklsbFa9QvzPG2Q2agY5V2lmmaLLRVEmsE1w8Tgec82oFTNHCNXc3YppTDSh1sVTdSH4qy+vk+51w/ca/sNNvdUs46jAOVzAFfhwCy24hzZ0gEIMz/AKb0iiF/SOPpatG6icOYM/QJ8/37eOFQ==</latexit>

H = E 

e
�⌧

He
⌧� = E�

<latexit sha1_base64="zTBcbUCt2391O40XNrSPhEp6seQ=">AAACIHicbZDLSsNAFIYn9VbjLerSzWBR3FgSEdqNUBChywj2Ak0sk+mkGTq5MDMRSuijuPFV3LhQRHf6NE6TLLT1wMDHf/7DmfN7CaNCmuaXVllZXVvfqG7qW9s7u3vG/kFXxCnHpINjFvO+hwRhNCIdSSUj/YQTFHqM9LzJ9bzfeyBc0Di6k9OEuCEaR9SnGEklDY1GGzq2oPAUXsGbHB1HJ/fZuSNROoNtqLhAxw6UrXAFdGjUzLqZF1wGq4QaKMseGp/OKMZpSCKJGRJiYJmJdDPEJcWMzHQnFSRBeILGZKAwQiERbpYfOIMnShlBP+bqRRLm6u+JDIVCTENPOUMkA7HYm4v/9Qap9JtuRqMklSTCxSI/ZVDGcJ4WHFFOsGRTBQhzqv4KcYA4wlJlqqsQrMWTl6F7UbfMunV7WWs1yziq4AgcgzNggQZogTawQQdg8AiewSt40560F+1d+yisFa2cOQR/Svv+AfqHn8I=</latexit><latexit sha1_base64="zTBcbUCt2391O40XNrSPhEp6seQ=">AAACIHicbZDLSsNAFIYn9VbjLerSzWBR3FgSEdqNUBChywj2Ak0sk+mkGTq5MDMRSuijuPFV3LhQRHf6NE6TLLT1wMDHf/7DmfN7CaNCmuaXVllZXVvfqG7qW9s7u3vG/kFXxCnHpINjFvO+hwRhNCIdSSUj/YQTFHqM9LzJ9bzfeyBc0Di6k9OEuCEaR9SnGEklDY1GGzq2oPAUXsGbHB1HJ/fZuSNROoNtqLhAxw6UrXAFdGjUzLqZF1wGq4QaKMseGp/OKMZpSCKJGRJiYJmJdDPEJcWMzHQnFSRBeILGZKAwQiERbpYfOIMnShlBP+bqRRLm6u+JDIVCTENPOUMkA7HYm4v/9Qap9JtuRqMklSTCxSI/ZVDGcJ4WHFFOsGRTBQhzqv4KcYA4wlJlqqsQrMWTl6F7UbfMunV7WWs1yziq4AgcgzNggQZogTawQQdg8AiewSt40560F+1d+yisFa2cOQR/Svv+AfqHn8I=</latexit><latexit sha1_base64="zTBcbUCt2391O40XNrSPhEp6seQ=">AAACIHicbZDLSsNAFIYn9VbjLerSzWBR3FgSEdqNUBChywj2Ak0sk+mkGTq5MDMRSuijuPFV3LhQRHf6NE6TLLT1wMDHf/7DmfN7CaNCmuaXVllZXVvfqG7qW9s7u3vG/kFXxCnHpINjFvO+hwRhNCIdSSUj/YQTFHqM9LzJ9bzfeyBc0Di6k9OEuCEaR9SnGEklDY1GGzq2oPAUXsGbHB1HJ/fZuSNROoNtqLhAxw6UrXAFdGjUzLqZF1wGq4QaKMseGp/OKMZpSCKJGRJiYJmJdDPEJcWMzHQnFSRBeILGZKAwQiERbpYfOIMnShlBP+bqRRLm6u+JDIVCTENPOUMkA7HYm4v/9Qap9JtuRqMklSTCxSI/ZVDGcJ4WHFFOsGRTBQhzqv4KcYA4wlJlqqsQrMWTl6F7UbfMunV7WWs1yziq4AgcgzNggQZogTawQQdg8AiewSt40560F+1d+yisFa2cOQR/Svv+AfqHn8I=</latexit><latexit sha1_base64="zTBcbUCt2391O40XNrSPhEp6seQ=">AAACIHicbZDLSsNAFIYn9VbjLerSzWBR3FgSEdqNUBChywj2Ak0sk+mkGTq5MDMRSuijuPFV3LhQRHf6NE6TLLT1wMDHf/7DmfN7CaNCmuaXVllZXVvfqG7qW9s7u3vG/kFXxCnHpINjFvO+hwRhNCIdSSUj/YQTFHqM9LzJ9bzfeyBc0Di6k9OEuCEaR9SnGEklDY1GGzq2oPAUXsGbHB1HJ/fZuSNROoNtqLhAxw6UrXAFdGjUzLqZF1wGq4QaKMseGp/OKMZpSCKJGRJiYJmJdDPEJcWMzHQnFSRBeILGZKAwQiERbpYfOIMnShlBP+bqRRLm6u+JDIVCTENPOUMkA7HYm4v/9Qap9JtuRqMklSTCxSI/ZVDGcJ4WHFFOsGRTBQhzqv4KcYA4wlJlqqsQrMWTl6F7UbfMunV7WWs1yziq4AgcgzNggQZogTawQQdg8AiewSt40560F+1d+yisFa2cOQR/Svv+AfqHn8I=</latexit>

Similarity transformation yields transcorrelated
Hamiltonian with identical spectrum

H̃ = e
�⌧

He
⌧
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The transcorrelated Hamiltonian
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Can also be conveniently written in 2nd quantisation.
• It is not hermitian (but real eigenvalues)
• Is less singular (delta function is removed)
• Has 2-body and 3-body terms (can be approximated 

or neglected in dilute limit)

Has a simple explicit form:



The correlation factor

For Ψ to satisfy Bethe-Peierls boundary conditions, u also needs 
to have a cusp. We choose it to have a simple Fourier 
transform:

 (x1, . . . , xN ) = e⌧�(x1, . . . , xN )
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Energy convergence in a truncated 
Fock basis (plane waves)

ũ(k) =

(
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ak2 if |k| � kc ,

0 if |k| < kc ,
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Spin impurity of a one-dimensional Bose gas
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Figure 1. Yrast energies in a finite ring 
geometry with N=20 particles.

Polaron Depleton
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Spin impurity in 
a 1D Bose gas
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1D Bose gas without impurity:
What connects dark solitons to yrast dispersion?

Movie credits: Nick Parker

Dark/grey solitons are known 
as time-dependent solutions of 
the Gross-Pitaevskii mean field 
theory
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Shamailov, Brand Phys. Rev. A (2019)

See also:
Kanamoto, Carr, Ueda 2010
Astrakharchik, Pitaevskii 2012
Fialko, Delattre, Brand, Kolovsky 2012
Sato et al. 2012
Syrwiv, Sacha 2015



Bose gas with impurity: Yrast dispersion
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Impurity-boson correlation function
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Depleton effective mass
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<latexit sha1_base64="C8PQJarOLscHRzt5yxTu8KzuKV0=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUlKURcuCm5cVrAPaEOYTCft0JkkzEzEEvIrblwo4tYfceffOGm70NYDA4dz7uWeOUHCmdKO822VNja3tnfKu5W9/YPDI/u42lVxKgntkJjHsh9gRTmLaEczzWk/kRSLgNNeML0t/N4jlYrF0YOeJdQTeByxkBGsjeTbVeEPBdYTKTIahjm6QY5v15y6MwdaJ+6S1GCJtm9/DUcxSQWNNOFYqYHrJNrLsNSMcJpXhqmiCSZTPKYDQyMsqPKyefYcnRtlhMJYmhdpNFd/b2RYKDUTgZkscqpVrxD/8wapDq+9jEVJqmlEFofClCMdo6IINGKSEs1nhmAimcmKyARLTLSpq2JKcFe/vE66jbp7WW/eN2utxrKOMpzCGVyAC1fQgjtoQwcIPMEzvMKblVsv1rv1sRgtWcudE/gD6/MHPCaT3g==</latexit>

me↵ < 0

soliton mass



Summary / 
Takeaways

• FCIQMC allows us to treat arbitrary (matrix) 
Hamiltonian
Hence, it allows us to find yrast spectrum 
(lowest energy states of momentum-
conserving Hamiltonian)
• The transcorrelated method makes for an 

efficient finite matrix representation of 
quantum particles interacting with short-
range interactions



Open-source package
Developed since 2016

So far:
• Bosons, fermions
• Hubbard, 

Transcorrelated
• Exact 

diagonalization
• FCIQMC

Future:
• Time evolution
• Spinor gases, 

mixtures
• Open quantum 

systems
• Spin-orbit coupling
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