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Heavy solitons in a fermionic superfluid

Tarik Yefsahl, Ariel T. Sommerl, Mark J. H. Kul, Lawrence W. Cheukl, Wenjie Jil, Waseem S. Bakr! & Martin W. Zwierlein'
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Discrepancy r'esolved:l
2oL Experiment had
(solitonic) vortex, not
grey soliton.

" Ku et al. (2014)
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Theory:
Liao, Brand, PRA (2011)
Scott, et al. PRL (2011)

Can we understand soliton phenomena beyond (fermionic)

mean-field theory?
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Fermion Monte Carlo without fixed nodes: A game of life, death,
and annihilation in Slater determinant space

George H. Booth," Alex J. W. Thom,"? and Ali Alavi'®

1Department of Chemistry, University of Cambridge, Lensfield Road,

Cambridge CB2 1EW, United Kingdom

2Department of Chemistry, University of California Berkeley, Berkeley, California 94720, USA

(Received 15 May 2009; accepted 13 July 2009; published online 4 August 2009)

We have developed a new quantum Monte Carlo method for the simulation of correlated
many-electron systems in full configuration-interaction (Slater determinant) spaces. The new
method is a population dynamics of a set of walkers, and is designed to simulate the underlying
imaginary-time Schrodinger equation of the interacting Hamiltonian. The walkers (which carry a
positive or negative sign) inhabit Slater determinant space, and evolve according to a simple set of
rules which include spawning, death and annihilation processes. We show that this method is
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Why a new projector quantum Monte Carlo?
Projector quantum Monte Carlo
" seodiger eavston - H|W) = Ey|¥)

* Find stochastic averages for the ground state energy and properties

Existing projector Monte Carlo methods

* Green’s function Monte Carlo (GFC: Kalos 1962)

* Diffusion Monte Carlo (DMC: JB Anderson 1975)

» Auxiliary-field guantum Monte Carlo (AFQMC)

* Path integral ground-state Monte Carlo (PIGS)

Why “Full configuration interaction quantum Monte Carlo” (FCIQMC: Booth, Thom, Alavi 2009)?

To get around the fixed-node approximation of DMC.



Full configuration interaction quantum Monte
Carlo (FCIQMC)

Major developments

* Integer formulation (Booth, Thom, Alavi 2009)
First formulation of algorithm

Initiator rule (Cleland, Booth, Alavi 2010)
Approximation that softens the sign problem

Population dynamics with sign problem (Spencer, Blunt, Foulkes 2012)
Improved understanding of the nature of the sign problem in FCIQMC

Semistochastic FCIQMC and floating-point coefficients (Petruziello et al. 2012)
Reduces noise and improves efficiency

Vector compression theory; fast randomized iterations (Lim, Weare 2017)

Our work
* Improved population control (Yang, Pahl, Brand 2020)
* Analysis of population control bias (Brand, Yang, Pahl arXiv:2103.07800)



FCIQMC principles

Representing the Hamiltonian as a matrix, turns the Schrédinger equation into a generic linear algebra problem:
HC() = EOCO

FCIQMC iteration equation:
") = ¢ 4 57 <S<”)1 — H) c(™)

Discretised imaginary time evolution, or power method.

Fixed point (long time limit):

Coefficient vector C(n) — Cp

Scalar shift S(n) N EO



Stochastic sampling procedure
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The original formulation uses integer coefficients (walkers without weights).
In every time step, a single walker can spawn 0, 1, or 2 walkers.

Modern formulations use floating point coefficients, and stochastic vector compression.
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The original formulation uses integer coefficients (walkers without weights).
In every time step, a single walker can spawn 0, 1, or 2 walkers.
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Modern formulations use floating point coefficients, and stochastic vector compression.



The sign problem as a critical phenomenon
\‘«H"(A\ l'Ml':"\&e/L'(*O*ls
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* The Monte Carlo sign problem appears
as a phase transition in FCIQMC

—50

i i — Unbiased after this point
e Algorithmic changes can lower the w -
number of walkers where the phase E | Incorrect results due to sign problem
transition occurs. > L Standard approach
. . Compression
* Interesting connections to phase ‘ ‘ ‘ ‘ - ‘
L. L. . 0 5.0 x 103 1.0 x 104 1.5 x 104 2.0 x 10*
transitions and critical phenomena in Number of walkers
complex networks remain to be o
explored. T8 Tote o
* The initiator rule restores coherence: ool WMHW T hecter) e H ;
. . . = i coneren
Only configurations with above & walker
. < o5f—0——omm——— =
threshold population may spawn to : ooulation
: : : el incoherent PoP
unoccupied configurations 2
walker
Shepherd et al. arXiv:1209.4023 o3t population

Cufar, Pahl, Brand (to be published) ‘ ‘ ‘ ‘
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Stochastic sampling with initiator rule

The initiator rule
restores
coherence:
Only
configurations
with above
threshold
population may
spawn to
unoccupied
configurations
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Completing the story: Population control

It is necessary to control the 30000 —
a o critica
growth of the number of walkers: N{") = ||c(™||; = Z\c(-n)] ' overdamped
w J 20000f !4
] . :' \ A underdamped
2 R
10000 ...... i ..... E\. A..A.K.a;;.éaév..“
"t = ¢ 4 57 (S(n)]l — H) c(™ N
P
...... i P
¢ N&HD e Nt A
St — gn) _ > 1 2% — > ln—= 2
57_ NV(Vn) 57_ Nt —4t ’.”df
t t gt
damping term restoring force A
opposes change in enforces target 200':’ \k
walker number walker number S 100l! |
Yang, Pahl, Brand (2020) ff“’ﬁ‘,:a%
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The population dynamics maps to a damped harmonic oscillator for x = In N
t
Yang, Pahl, Brand, J. Chem. Phys. 153, 174103 (2020)



A caveat: Population Control Bias

H=-J)
(i)

Bose Hubbard model in real space

ala; + U hg(h; — 1)

* Sign problem is absent (stoquastic Hamiltonian)
* Bias grows with system size
* Non-universal scaling with walker number

2 4
10 * UlJ=6,p=—0.39+0.01

Ul =3,p=—0.59+0.01
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A scalar model of population control

Consider time a continuous variable and write a
stochastic differential equation for the
walker number N,,(t) and the shift S(t):

Lxack MO LR
ety ghemyth Witmar motsse
dNy, = {S(t) —@} Ny (t)dt —@Nw(t)
S § . Ny(t)
dsS = 57_d1n Ny(t) 5.2 In N, dt

A variable transformation and use of Itd’s lemma allows us to

identify the population control bias:
—1] — _F_—Z — — S)=F
z(t) =1In N, - dx [S(t) E S H ] dt — pdW (t) > (9)
S §
dS = 5 dz 5.2 x(t) dt
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Brand, Yang, Pahl, arXiv:2103.07800



How to avoid the population control bias?

* Large walker numbers

* Importance sampling (but can worsen sign Reweighting procedure

problem) Shift
* Unbiased estimators via reweighting -12.751 \ :
* Nightingale, Bl6te (1986) —— '\.frOWth estimator
e Umrigar, Nightingale, Runge (1993) ' )
 Combination of importance sampling and < -12.851 \'\-\.\\
reweighting & i
« Ghanem, Lieberman, Alavi (2021) St exact energy
~12.95 S
—
S O
~13.00 - o

0 500 1000 1500 2000 2500 3000
reweighting depth

Brand, Yang, Pahl, arXiv:2103.07800
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Transcorrelated Method:
How to deal with the wave function cusp?
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Short-range interactions lead to
divergent wave functions

Can be avoided with
transcorrelated (similarity)
transformation

Basis set expansion converges
much faster

Jeszenszki, Luo, Alavi, Brand, Phys. Rev. A (2018);
Phys. Rev. Research (2020)



Pseudopotential Hamiltonian (1D)

h? 0?
H = — 2m @‘FZVZU] Z(g

j=1 J j=1 (4,7)

The delta potential produces cusp in wave function (Bethe-
Peierls boundary condition)

- exact

- M=10
M=20
M=100

- M=500

Approximating the
cusp with a product
of M plane waves.
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Slow convergence

Compute the ground state energy for spin-1/2 fermions by
exact diagonalisation expansion, i.e. in a basis of Slater
determinants (Fock states) from M orbitals.

Harmonic oscillator basis 1
(Grining et al. NJP (2015)): £ — Eexact ~ —F—

Plane wave basis: 1
b — Eexact ~ M
Renormalised | -
coupling constant: E — Fegact ~ e
Transcorrelated: 1
| B — Eexact ~ W

Jeszenszki, Luo, Alavi, Brand, Phys. Rev. A (2018)



Transcorrelated approach

U(x1,...,zn) =€ P(x1,...,2N)

r = ula - ;)
]
T

e’ -Jastrow factor — short-range correlation, the cusp
® -smooth function — carries long-range correlations

HY = EY
e "He"® = FEP

Similarity transformation yields transcorrelated
Hamiltonian with identical spectrum

~ _ Boys, Handy (1969)
_ T T ’
H=e¢e "He Luo, Alavi (2018)



The transcorrelated Hamiltonian

Has a simple explicit form:

~

H=e¢ "He

_H_h_QZ 13.. + 0 a.+l(a. )2
_ m 2 ’L’LT ’lT (2 2 ’LT

)

Can also be conveniently written in 2"d quantisation.

* Itis not hermitian (but real eigenvalues)

* Isless singular (delta function is removed)

* Has 2-body and 3-body terms (can be approximated
or neglected in dilute limit)



The correlation factor
U(xy,...,on) =€ P(x1,...,2N) T:ZUOCI%—%‘D
1

For ¥ to satisfy Bethe-Peierls boundary conditions, u also needs
to have a cusp. We choose it to have a simple Fourier

transform: oxp (4 )
o — a =1L, k=47 L
2 : = =
~ if |kl >k as=2L, k =47 L
u(k) = { ak® . | ’ - ag=1L, k=871 L
0 if |k < ke,

Jeszenszki, Luo, Alavi, Brand, Phys. Rev. A (2018)



Energy convergence in a truncated
Fock basis (plane waves)

Three particles with attractive interactions (a=10L)
Spin-1/2 fermions, N* =2, Ny =1

diag —
renorm =——
trcorr, f=1/3 —l—

diag, slope=-1
renorm, slope=-2
trcorr, p=1, slope=-1

= 2F ~
£
E 15} o
NF =
= 70 100 150 200 I
2 2
S 5| 3
uf 0. ul
i w
>
o

.0
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7
trcorr, p=1/2, slope~-2.9

HiH

N o o0 A WON = O =
1
1

‘ ‘ ; : trcorr, no 3-body, f=1/3, slope~-3.0
20 30 40 50 70 100 150 200 7 Hr oorr, ATB. o3, slope—d- (c)
M 20 30 40 50 70 100 150 200

2 if k| > ke kczﬁkmaxzﬁ%M

Jeszenszki, Luo, Alavi, Brand, Phys. Rev. A (2018)
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Spin impurity of a one-dimensional Bose gas
A

Polaron Depleton
R s
= 282+93325x—xj Bose gas Meg > m > 0

h? 0?
T mon? + 918 Zé T; — 1) Impurity




Spin impurity in
a 1D Bose gas

Finite system with N=20 particles
and periodic boundary conditions
(quantum ring)

Bose gas
N
H = 2m z; + JdBB §<: 5 — .fj
1= 1<)

Impurity

Yrast excitation spectrum for N=20 particles
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1D Bose gas without impurity:
What connects dark solitons to yrast dispersion?

Mean field theory (Gross Pitaevskii)

Dark/grey solitons are known

as time-dependent solutions of
the Gross-Pitaevskii mean field

theor . )
Y Soliton velocity:
: S Ve =
S
0.8 dpc
- -2 - 1 2 3
I)(.'.
1k
08 F
06}
04
02fF
-100 —5|0 6 SIU 100

Movie credits: Nick Parker

(B — Ey)

Full quantum theory / Lieb-Liniger model

Circles: finite system (ring),
N =10, y=1

Thermodynamic limit,

w1 N = o, y=1
N Cj@ 0
0 w/2 7]r3 3n/2 27 vy=1 N =100
-
. 12+ N =
Exact time \ SR
evolutionofa _os- Q‘Qﬂo}h
“wave packet” of < “}
. ’ 30
yrast states = 04
See also: 0 10 hnot
Kanamoto, Carr, Ueda 2010 40 2m
Astrakharchik, Pitaevskii 2012 70 80 90 O
Fialko, Delattre, Brand, Kolovsky 2012 noxr
Sato et al. 2012

Syrwiv, Sacha 2015

Shamailov, Brand Phys. Rev. A (2019)




Bose gas with impurity: Yrast dispersion

N p?
Subtract centre-of-mass kinetic energy:  Q(P) = E(P) — E(0) — ———
Non-interacting impurity Interacting impurity
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Soliton and
impurity motion
synchronises for
sufficiently strong
interactions

According to Hellman-Feynman

theorem
(thermodynamic limit):

A dE
(P = mup

Knap et al. (2014)
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Impurity-boson correlation function

Impurity-boson correlation 9532) (d)
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Depleton effective mass

Polaron

Megg > m > 0

Depleton

Mdep/M
R
@) (] @) (]

Effective mass
-

N
o
!

mdep/msol
&

_
o
L

0.5 A

Bk, A
................ e
-------- .3
..... .
%E*E'a.,,
ooy
i y=0.02
2 =2 superheavy depleton
i y=0.02
A =02
o
___________ 4
e BT
. E ....... g
ety EI?. T Chisao . _ _ _____________________________
R soliton mass
cusp regime
A
0.0 0.2 0.4 0.6 0.8 1.0

| Impurity strength 7



e FCIQMC allows us to treat arbitrary (matrix)
Hamiltonian
Hence, it allows us to find yrast spectrum
(lowest energy states of momentum-

Summa ry/ conserving Hamiltonian)

* The transcorrelated method makes for an
efficient finite matrix representation of
guantum particles interacting with short-

range interactions

Takeaways
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Rimu.jl

Guide

o Installation
o Usage

o Scripts

o MPI

o References
Example: 1D Bose-Hubbard Model
User documentation
StatsTools
Developer documentation
Hamiltonians
Random Numbers
Documentation generation
Code testing

Version = dev

2 2105.12146.pdf "

@ Guide - Rimu.jl

@ joachimbrand.github.io/Rimu.jl/dev/

<

a

X s Phys. Rev. Lett. 123, 031601 (© X \ 2105.12146.pdf X | +

* ®

Guide ©) Editon GitHub %

Rimu.jl Package Guide

Random Integrators for many-body quantum systems

The grand aim is to develop a toolbox for many-body quantum systems that can be represented by a Hamiltonian in
second quantisation language. Currently there are tools to find the ground state with a Lanczos algorithm (using
KrylovKit. j1 for small Hilbert spaces), or with projector quantum Monte Carlo in the flavour of full configuration
interaction quantum Monte Carlo (FCIQMC, see References). We will add tools to solve the time-dependent
Schrédinger equation and Master equations for open system time evolution.

Installation

Installing Rimu for usage

Rimu can be installed with the package manager directly from the github repository. Hit the ] key at the Julia REPL
to get into Pkg mode and type

pkg> add https://github.com/joachimbrand/Rimu. jl
Alternatively, use
julia> using Pkg; Pkg.add(PackageSpec(url="https://github.com/joachimbrand/Rimu.j1"))

in order to install Rimu from a script.

Installing Rimu for development

Fig1.pdf A

B e ~=20R0»&

Open-source package
Developed since 2016

So far:

Bosons, fermions

* Hubbard,
Transcorrelated

* Exact
diagonalization

 FCIQMC

Future:

* Time evolution

* Spinor gases,
mixtures

* Open quantum
systems

Spin-orbit coupling

. julia
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