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<latexit sha1_base64="zKooPvZtGRMV9Y1YcVAIeS2cRy4="></latexit>
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<latexit sha1_base64="YXiJbqPIePCWF0D7tOVSGnFHga8="></latexit>
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<latexit sha1_base64="taaPupkpRh7DFxmQnN72CwDZxTs="></latexit>

H = J

X

hr,r0i

⇣
Sr · Sr0 +Dr�r0 · Sr ⇥ Sr0 +B · Sr�r,r0

⌘
Nature 442, 797 (2006), Science 323, 915 (2009) 
Nature Reviews Materials 1, 1 (2016) 

<latexit sha1_base64="2o/Rm1zmByVEYUu3fD1JmjYzJDU="></latexit>

D2/5J

MC sampling with only local rotations



• quasiparticles in non-
centrosymmetric materials


• Heisenberg model with 
Dzyaloshinskii-Moriya interaction


• real-space spin winding with 
quantized topological index


• robust against disorder & 
temperature, long lifetimes, fast 
propagation, real-space 
manipulation by e.g. STM tips

Skyrmions
<latexit sha1_base64="sNkBSuXg2LxrP/DArTneKCxems8=">AAACIHicjVBNS8NAEN3Ur1q/oj16WSyCF0siRb0IpYJ4rGA/oA1hs520S3eTsLsRYgn4TwRP+k+8iUf9IZ5NWg9WFHww8Oa9GWZ4XsSZ0pb1ZhQWFpeWV4qrpbX1jc0tc3unrcJYUmjRkIey6xEFnAXQ0kxz6EYSiPA4dLzxee53bkAqFgbXOonAEWQYMJ9RojPJNct9T+AGPsOHDdfKObi3rlmxq9YU+G9SQV9ouuZHfxDSWECgKSdK9Wwr0s6ESM0oh7TUjxVEhI7JEHoZDYgA5Uymz6d4P1MG2A9lVoHGU/X7xoQIpRLhZZOC6JH66eXib14v1v6pM2FBFGsI6OyQH3OsQ5wngQdMAtU8yQihkmW/YjoiklCd5TV3xRPpfC/JGHRa+l9Q7aOqfVytXdUq9Yu7WWRFtIv20AGy0Qmqo0vURC1EUYLu0SN6Mh6MZ+PFeJ2NFoyvmMtoDsb7J5OEopg=</latexit>

B = �B0ez

<latexit sha1_base64="39dYFtt0vvdwzbvJWF1fF5pyzjY=">AAACNnicjVDLSgMxFM34rPVVdekmWATdlFaKuhEKFnFZwT6gLUMmvW1Dk5khuSPUYcA/8GsEV/odbtyJW1euTR8LKwoeCDk554aTHC+UwmA+/+LMzS8sLi2nVtKra+sbm5mt7ZoJIs2hygMZ6IbHDEjhQxUFSmiEGpjyJNS9wfnIr9+ANiLwr3EYQluxni+6gjO0kps5bHmKlt14tDFXJGflMYXEvW2hUGAmTuIKN5Mt5PJj0L9JlkxRcTOfrU7AIwU+csmMaRbyIbZjplFwCUm6FRkIGR+wHjQt9ZlNa8fjLyV03yod2g20XT7Ssfr9RsyUMUPl2UnFsG9+eiPxN68ZYfe0HQs/jBB8PgnqRpJiQEf90I7QwFEOLWFcC/tWyvtMM462xZkUTyWzZ80GgEn6f0XVjnKF41zxqpgtXdxNKkuRXbJHDkiBnJASuSQVUiWc3JMH8kSenUfn1Xlz3iejc8605h0yA+fjC9gdrSk=</latexit>

Dai = Dez ⇥ ai

<latexit sha1_base64="zKooPvZtGRMV9Y1YcVAIeS2cRy4="></latexit>

J = �0.5D

<latexit sha1_base64="YXiJbqPIePCWF0D7tOVSGnFHga8="></latexit>

B0

<latexit sha1_base64="taaPupkpRh7DFxmQnN72CwDZxTs="></latexit>

H = J

X

hr,r0i

⇣
Sr · Sr0 +Dr�r0 · Sr ⇥ Sr0 +B · Sr�r,r0

⌘
Nature 442, 797 (2006), Science 323, 915 (2009) 
Nature Reviews Materials 1, 1 (2016) 

<latexit sha1_base64="2o/Rm1zmByVEYUu3fD1JmjYzJDU="></latexit>

D2/5J

MC sampling with only local rotations



• quasiparticles in non-
centrosymmetric materials


• Heisenberg model with 
Dzyaloshinskii-Moriya interaction


• real-space spin winding with 
quantized topological index


• robust against disorder & 
temperature, long lifetimes, fast 
propagation, real-space 
manipulation by e.g. STM tips

Skyrmions
<latexit sha1_base64="sNkBSuXg2LxrP/DArTneKCxems8=">AAACIHicjVBNS8NAEN3Ur1q/oj16WSyCF0siRb0IpYJ4rGA/oA1hs520S3eTsLsRYgn4TwRP+k+8iUf9IZ5NWg9WFHww8Oa9GWZ4XsSZ0pb1ZhQWFpeWV4qrpbX1jc0tc3unrcJYUmjRkIey6xEFnAXQ0kxz6EYSiPA4dLzxee53bkAqFgbXOonAEWQYMJ9RojPJNct9T+AGPsOHDdfKObi3rlmxq9YU+G9SQV9ouuZHfxDSWECgKSdK9Wwr0s6ESM0oh7TUjxVEhI7JEHoZDYgA5Uymz6d4P1MG2A9lVoHGU/X7xoQIpRLhZZOC6JH66eXib14v1v6pM2FBFGsI6OyQH3OsQ5wngQdMAtU8yQihkmW/YjoiklCd5TV3xRPpfC/JGHRa+l9Q7aOqfVytXdUq9Yu7WWRFtIv20AGy0Qmqo0vURC1EUYLu0SN6Mh6MZ+PFeJ2NFoyvmMtoDsb7J5OEopg=</latexit>
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<latexit sha1_base64="39dYFtt0vvdwzbvJWF1fF5pyzjY=">AAACNnicjVDLSgMxFM34rPVVdekmWATdlFaKuhEKFnFZwT6gLUMmvW1Dk5khuSPUYcA/8GsEV/odbtyJW1euTR8LKwoeCDk554aTHC+UwmA+/+LMzS8sLi2nVtKra+sbm5mt7ZoJIs2hygMZ6IbHDEjhQxUFSmiEGpjyJNS9wfnIr9+ANiLwr3EYQluxni+6gjO0kps5bHmKlt14tDFXJGflMYXEvW2hUGAmTuIKN5Mt5PJj0L9JlkxRcTOfrU7AIwU+csmMaRbyIbZjplFwCUm6FRkIGR+wHjQt9ZlNa8fjLyV03yod2g20XT7Ssfr9RsyUMUPl2UnFsG9+eiPxN68ZYfe0HQs/jBB8PgnqRpJiQEf90I7QwFEOLWFcC/tWyvtMM462xZkUTyWzZ80GgEn6f0XVjnKF41zxqpgtXdxNKkuRXbJHDkiBnJASuSQVUiWc3JMH8kSenUfn1Xlz3iejc8605h0yA+fjC9gdrSk=</latexit>

Dai = Dez ⇥ ai

<latexit sha1_base64="zKooPvZtGRMV9Y1YcVAIeS2cRy4="></latexit>

J = �0.5D

<latexit sha1_base64="YXiJbqPIePCWF0D7tOVSGnFHga8="></latexit>

B0

<latexit sha1_base64="taaPupkpRh7DFxmQnN72CwDZxTs="></latexit>

H = J

X

hr,r0i

⇣
Sr · Sr0 +Dr�r0 · Sr ⇥ Sr0 +B · Sr�r,r0

⌘
Nature 442, 797 (2006), Science 323, 915 (2009) 
Nature Reviews Materials 1, 1 (2016) 

<latexit sha1_base64="sRqkU4YSsOLDb4IT02OFp1eVdYM="></latexit>

2D2/J

MC sampling with only local rotations



• quasiparticles in non-
centrosymmetric materials


• Heisenberg model with 
Dzyaloshinskii-Moriya interaction


• real-space spin winding with 
quantized topological index


• robust against disorder & 
temperature, long lifetimes, fast 
propagation, real-space 
manipulation by e.g. STM tips

Skyrmions
<latexit sha1_base64="sNkBSuXg2LxrP/DArTneKCxems8=">AAACIHicjVBNS8NAEN3Ur1q/oj16WSyCF0siRb0IpYJ4rGA/oA1hs520S3eTsLsRYgn4TwRP+k+8iUf9IZ5NWg9WFHww8Oa9GWZ4XsSZ0pb1ZhQWFpeWV4qrpbX1jc0tc3unrcJYUmjRkIey6xEFnAXQ0kxz6EYSiPA4dLzxee53bkAqFgbXOonAEWQYMJ9RojPJNct9T+AGPsOHDdfKObi3rlmxq9YU+G9SQV9ouuZHfxDSWECgKSdK9Wwr0s6ESM0oh7TUjxVEhI7JEHoZDYgA5Uymz6d4P1MG2A9lVoHGU/X7xoQIpRLhZZOC6JH66eXib14v1v6pM2FBFGsI6OyQH3OsQ5wngQdMAtU8yQihkmW/YjoiklCd5TV3xRPpfC/JGHRa+l9Q7aOqfVytXdUq9Yu7WWRFtIv20AGy0Qmqo0vURC1EUYLu0SN6Mh6MZ+PFeJ2NFoyvmMtoDsb7J5OEopg=</latexit>

B = �B0ez

<latexit sha1_base64="39dYFtt0vvdwzbvJWF1fF5pyzjY=">AAACNnicjVDLSgMxFM34rPVVdekmWATdlFaKuhEKFnFZwT6gLUMmvW1Dk5khuSPUYcA/8GsEV/odbtyJW1euTR8LKwoeCDk554aTHC+UwmA+/+LMzS8sLi2nVtKra+sbm5mt7ZoJIs2hygMZ6IbHDEjhQxUFSmiEGpjyJNS9wfnIr9+ANiLwr3EYQluxni+6gjO0kps5bHmKlt14tDFXJGflMYXEvW2hUGAmTuIKN5Mt5PJj0L9JlkxRcTOfrU7AIwU+csmMaRbyIbZjplFwCUm6FRkIGR+wHjQt9ZlNa8fjLyV03yod2g20XT7Ssfr9RsyUMUPl2UnFsG9+eiPxN68ZYfe0HQs/jBB8PgnqRpJiQEf90I7QwFEOLWFcC/tWyvtMM462xZkUTyWzZ80GgEn6f0XVjnKF41zxqpgtXdxNKkuRXbJHDkiBnJASuSQVUiWc3JMH8kSenUfn1Xlz3iejc8605h0yA+fjC9gdrSk=</latexit>

Dai = Dez ⇥ ai

<latexit sha1_base64="zKooPvZtGRMV9Y1YcVAIeS2cRy4="></latexit>

J = �0.5D

<latexit sha1_base64="YXiJbqPIePCWF0D7tOVSGnFHga8="></latexit>

B0

<latexit sha1_base64="taaPupkpRh7DFxmQnN72CwDZxTs="></latexit>

H = J

X

hr,r0i

⇣
Sr · Sr0 +Dr�r0 · Sr ⇥ Sr0 +B · Sr�r,r0

⌘
Nature 442, 797 (2006), Science 323, 915 (2009) 
Nature Reviews Materials 1, 1 (2016) 

<latexit sha1_base64="sRqkU4YSsOLDb4IT02OFp1eVdYM="></latexit>

2D2/J

MC sampling with only local rotations



<latexit sha1_base64="taaPupkpRh7DFxmQnN72CwDZxTs="></latexit>

H = J

X

hr,r0i

⇣
Sr · Sr0 +Dr�r0 · Sr ⇥ Sr0 +B · Sr�r,r0

⌘Quantum Skyrmions
<latexit sha1_base64="sNkBSuXg2LxrP/DArTneKCxems8=">AAACIHicjVBNS8NAEN3Ur1q/oj16WSyCF0siRb0IpYJ4rGA/oA1hs520S3eTsLsRYgn4TwRP+k+8iUf9IZ5NWg9WFHww8Oa9GWZ4XsSZ0pb1ZhQWFpeWV4qrpbX1jc0tc3unrcJYUmjRkIey6xEFnAXQ0kxz6EYSiPA4dLzxee53bkAqFgbXOonAEWQYMJ9RojPJNct9T+AGPsOHDdfKObi3rlmxq9YU+G9SQV9ouuZHfxDSWECgKSdK9Wwr0s6ESM0oh7TUjxVEhI7JEHoZDYgA5Uymz6d4P1MG2A9lVoHGU/X7xoQIpRLhZZOC6JH66eXib14v1v6pM2FBFGsI6OyQH3OsQ5wngQdMAtU8yQihkmW/YjoiklCd5TV3xRPpfC/JGHRa+l9Q7aOqfVytXdUq9Yu7WWRFtIv20AGy0Qmqo0vURC1EUYLu0SN6Mh6MZ+PFeJ2NFoyvmMtoDsb7J5OEopg=</latexit>

B = �B0ez

<latexit sha1_base64="39dYFtt0vvdwzbvJWF1fF5pyzjY=">AAACNnicjVDLSgMxFM34rPVVdekmWATdlFaKuhEKFnFZwT6gLUMmvW1Dk5khuSPUYcA/8GsEV/odbtyJW1euTR8LKwoeCDk554aTHC+UwmA+/+LMzS8sLi2nVtKra+sbm5mt7ZoJIs2hygMZ6IbHDEjhQxUFSmiEGpjyJNS9wfnIr9+ANiLwr3EYQluxni+6gjO0kps5bHmKlt14tDFXJGflMYXEvW2hUGAmTuIKN5Mt5PJj0L9JlkxRcTOfrU7AIwU+csmMaRbyIbZjplFwCUm6FRkIGR+wHjQt9ZlNa8fjLyV03yod2g20XT7Ssfr9RsyUMUPl2UnFsG9+eiPxN68ZYfe0HQs/jBB8PgnqRpJiQEf90I7QwFEOLWFcC/tWyvtMM462xZkUTyWzZ80GgEn6f0XVjnKF41zxqpgtXdxNKkuRXbJHDkiBnJASuSQVUiWc3JMH8kSenUfn1Xlz3iejc8605h0yA+fjC9gdrSk=</latexit>

Dai = Dez ⇥ ai

<latexit sha1_base64="zKooPvZtGRMV9Y1YcVAIeS2cRy4="></latexit>

J = �0.5D

PRB 92, 245436 (2015), PRX 9, 041063 (2019), 
PRB 103, L060404 (2021), arXiv:2110.00348(2021)



<latexit sha1_base64="taaPupkpRh7DFxmQnN72CwDZxTs="></latexit>

H = J

X

hr,r0i

⇣
Sr · Sr0 +Dr�r0 · Sr ⇥ Sr0 +B · Sr�r,r0

⌘Quantum Skyrmions
<latexit sha1_base64="sNkBSuXg2LxrP/DArTneKCxems8=">AAACIHicjVBNS8NAEN3Ur1q/oj16WSyCF0siRb0IpYJ4rGA/oA1hs520S3eTsLsRYgn4TwRP+k+8iUf9IZ5NWg9WFHww8Oa9GWZ4XsSZ0pb1ZhQWFpeWV4qrpbX1jc0tc3unrcJYUmjRkIey6xEFnAXQ0kxz6EYSiPA4dLzxee53bkAqFgbXOonAEWQYMJ9RojPJNct9T+AGPsOHDdfKObi3rlmxq9YU+G9SQV9ouuZHfxDSWECgKSdK9Wwr0s6ESM0oh7TUjxVEhI7JEHoZDYgA5Uymz6d4P1MG2A9lVoHGU/X7xoQIpRLhZZOC6JH66eXib14v1v6pM2FBFGsI6OyQH3OsQ5wngQdMAtU8yQihkmW/YjoiklCd5TV3xRPpfC/JGHRa+l9Q7aOqfVytXdUq9Yu7WWRFtIv20AGy0Qmqo0vURC1EUYLu0SN6Mh6MZ+PFeJ2NFoyvmMtoDsb7J5OEopg=</latexit>

B = �B0ez

<latexit sha1_base64="39dYFtt0vvdwzbvJWF1fF5pyzjY=">AAACNnicjVDLSgMxFM34rPVVdekmWATdlFaKuhEKFnFZwT6gLUMmvW1Dk5khuSPUYcA/8GsEV/odbtyJW1euTR8LKwoeCDk554aTHC+UwmA+/+LMzS8sLi2nVtKra+sbm5mt7ZoJIs2hygMZ6IbHDEjhQxUFSmiEGpjyJNS9wfnIr9+ANiLwr3EYQluxni+6gjO0kps5bHmKlt14tDFXJGflMYXEvW2hUGAmTuIKN5Mt5PJj0L9JlkxRcTOfrU7AIwU+csmMaRbyIbZjplFwCUm6FRkIGR+wHjQt9ZlNa8fjLyV03yod2g20XT7Ssfr9RsyUMUPl2UnFsG9+eiPxN68ZYfe0HQs/jBB8PgnqRpJiQEf90I7QwFEOLWFcC/tWyvtMM462xZkUTyWzZ80GgEn6f0XVjnKF41zxqpgtXdxNKkuRXbJHDkiBnJASuSQVUiWc3JMH8kSenUfn1Xlz3iejc8605h0yA+fjC9gdrSk=</latexit>

Dai = Dez ⇥ ai

<latexit sha1_base64="zKooPvZtGRMV9Y1YcVAIeS2cRy4="></latexit>

J = �0.5D

PRB 92, 245436 (2015), PRX 9, 041063 (2019), 
PRB 103, L060404 (2021), arXiv:2110.00348(2021)

• Molina et al.: skyrmions are stabilized by 
quantum fluctuations



<latexit sha1_base64="taaPupkpRh7DFxmQnN72CwDZxTs="></latexit>

H = J

X

hr,r0i

⇣
Sr · Sr0 +Dr�r0 · Sr ⇥ Sr0 +B · Sr�r,r0

⌘Quantum Skyrmions
<latexit sha1_base64="sNkBSuXg2LxrP/DArTneKCxems8=">AAACIHicjVBNS8NAEN3Ur1q/oj16WSyCF0siRb0IpYJ4rGA/oA1hs520S3eTsLsRYgn4TwRP+k+8iUf9IZ5NWg9WFHww8Oa9GWZ4XsSZ0pb1ZhQWFpeWV4qrpbX1jc0tc3unrcJYUmjRkIey6xEFnAXQ0kxz6EYSiPA4dLzxee53bkAqFgbXOonAEWQYMJ9RojPJNct9T+AGPsOHDdfKObi3rlmxq9YU+G9SQV9ouuZHfxDSWECgKSdK9Wwr0s6ESM0oh7TUjxVEhI7JEHoZDYgA5Uymz6d4P1MG2A9lVoHGU/X7xoQIpRLhZZOC6JH66eXib14v1v6pM2FBFGsI6OyQH3OsQ5wngQdMAtU8yQihkmW/YjoiklCd5TV3xRPpfC/JGHRa+l9Q7aOqfVytXdUq9Yu7WWRFtIv20AGy0Qmqo0vURC1EUYLu0SN6Mh6MZ+PFeJ2NFoyvmMtoDsb7J5OEopg=</latexit>

B = �B0ez

<latexit sha1_base64="39dYFtt0vvdwzbvJWF1fF5pyzjY=">AAACNnicjVDLSgMxFM34rPVVdekmWATdlFaKuhEKFnFZwT6gLUMmvW1Dk5khuSPUYcA/8GsEV/odbtyJW1euTR8LKwoeCDk554aTHC+UwmA+/+LMzS8sLi2nVtKra+sbm5mt7ZoJIs2hygMZ6IbHDEjhQxUFSmiEGpjyJNS9wfnIr9+ANiLwr3EYQluxni+6gjO0kps5bHmKlt14tDFXJGflMYXEvW2hUGAmTuIKN5Mt5PJj0L9JlkxRcTOfrU7AIwU+csmMaRbyIbZjplFwCUm6FRkIGR+wHjQt9ZlNa8fjLyV03yod2g20XT7Ssfr9RsyUMUPl2UnFsG9+eiPxN68ZYfe0HQs/jBB8PgnqRpJiQEf90I7QwFEOLWFcC/tWyvtMM462xZkUTyWzZ80GgEn6f0XVjnKF41zxqpgtXdxNKkuRXbJHDkiBnJASuSQVUiWc3JMH8kSenUfn1Xlz3iejc8605h0yA+fjC9gdrSk=</latexit>

Dai = Dez ⇥ ai

<latexit sha1_base64="zKooPvZtGRMV9Y1YcVAIeS2cRy4="></latexit>

J = �0.5D

PRB 92, 245436 (2015), PRX 9, 041063 (2019), 
PRB 103, L060404 (2021), arXiv:2110.00348(2021)

• Molina et al.: skyrmions are stabilized by 
quantum fluctuations

• Find the spin configuration  that minimizes 
<latexit sha1_base64="6IpG7Ru7zolMYsH/bvUGHQTKJks="></latexit>

⌦
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<latexit sha1_base64="taaPupkpRh7DFxmQnN72CwDZxTs="></latexit>
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Sr · Sr0 +Dr�r0 · Sr ⇥ Sr0 +B · Sr�r,r0
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B = �B0ez

<latexit sha1_base64="39dYFtt0vvdwzbvJWF1fF5pyzjY=">AAACNnicjVDLSgMxFM34rPVVdekmWATdlFaKuhEKFnFZwT6gLUMmvW1Dk5khuSPUYcA/8GsEV/odbtyJW1euTR8LKwoeCDk554aTHC+UwmA+/+LMzS8sLi2nVtKra+sbm5mt7ZoJIs2hygMZ6IbHDEjhQxUFSmiEGpjyJNS9wfnIr9+ANiLwr3EYQluxni+6gjO0kps5bHmKlt14tDFXJGflMYXEvW2hUGAmTuIKN5Mt5PJj0L9JlkxRcTOfrU7AIwU+csmMaRbyIbZjplFwCUm6FRkIGR+wHjQt9ZlNa8fjLyV03yod2g20XT7Ssfr9RsyUMUPl2UnFsG9+eiPxN68ZYfe0HQs/jBB8PgnqRpJiQEf90I7QwFEOLWFcC/tWyvtMM462xZkUTyWzZ80GgEn6f0XVjnKF41zxqpgtXdxNKkuRXbJHDkiBnJASuSQVUiWc3JMH8kSenUfn1Xlz3iejc8605h0yA+fjC9gdrSk=</latexit>

Dai = Dez ⇥ ai

<latexit sha1_base64="zKooPvZtGRMV9Y1YcVAIeS2cRy4="></latexit>

J = �0.5D

PRB 92, 245436 (2015), PRX 9, 041063 (2019), 
PRB 103, L060404 (2021), arXiv:2110.00348(2021)

• Molina et al.: skyrmions are stabilized by 
quantum fluctuations

• Find the spin configuration  that minimizes 
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Ŝr · Ŝr0 +Dr�r0 · Ŝr ⇥ Ŝr0 +B · Ŝr�r,r0

⌘

•
<latexit sha1_base64="4Op0W/XsdzgrpylmtXgt/Cx7qIE="></latexit>

|{�i}, {✓i}i =
Y

i

e�i�iŜ
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• Skyrmion states are superpositions of 
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y
i e+i�iŜ
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• Molina et al.: skyrmions are stabilized by 
quantum fluctuations

• Lohani et al. (PRX): frustrated AF lattices 
can host quasi-classical skyrmions

• Siegl et al. (arXiv preprint): 3x3 quantum 
system coupled to classical ferromagnet 
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• Sotnikov et al. (PRB): ED study of 
quantum analog of classical 
Hamiltonian, but system sizes too small 
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• Skyrmion states are superpositions of classical configurations, 
skyrmion structure revealed in spin structure factor

• No clean topological classification possible, because invariant 
quantization breaks down for quantum skyrmions
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⌘



Quantum Skyrmions
<latexit sha1_base64="sNkBSuXg2LxrP/DArTneKCxems8=">AAACIHicjVBNS8NAEN3Ur1q/oj16WSyCF0siRb0IpYJ4rGA/oA1hs520S3eTsLsRYgn4TwRP+k+8iUf9IZ5NWg9WFHww8Oa9GWZ4XsSZ0pb1ZhQWFpeWV4qrpbX1jc0tc3unrcJYUmjRkIey6xEFnAXQ0kxz6EYSiPA4dLzxee53bkAqFgbXOonAEWQYMJ9RojPJNct9T+AGPsOHDdfKObi3rlmxq9YU+G9SQV9ouuZHfxDSWECgKSdK9Wwr0s6ESM0oh7TUjxVEhI7JEHoZDYgA5Uymz6d4P1MG2A9lVoHGU/X7xoQIpRLhZZOC6JH66eXib14v1v6pM2FBFGsI6OyQH3OsQ5wngQdMAtU8yQihkmW/YjoiklCd5TV3xRPpfC/JGHRa+l9Q7aOqfVytXdUq9Yu7WWRFtIv20AGy0Qmqo0vURC1EUYLu0SN6Mh6MZ+PFeJ2NFoyvmMtoDsb7J5OEopg=</latexit>

B = �B0ez

<latexit sha1_base64="39dYFtt0vvdwzbvJWF1fF5pyzjY=">AAACNnicjVDLSgMxFM34rPVVdekmWATdlFaKuhEKFnFZwT6gLUMmvW1Dk5khuSPUYcA/8GsEV/odbtyJW1euTR8LKwoeCDk554aTHC+UwmA+/+LMzS8sLi2nVtKra+sbm5mt7ZoJIs2hygMZ6IbHDEjhQxUFSmiEGpjyJNS9wfnIr9+ANiLwr3EYQluxni+6gjO0kps5bHmKlt14tDFXJGflMYXEvW2hUGAmTuIKN5Mt5PJj0L9JlkxRcTOfrU7AIwU+csmMaRbyIbZjplFwCUm6FRkIGR+wHjQt9ZlNa8fjLyV03yod2g20XT7Ssfr9RsyUMUPl2UnFsG9+eiPxN68ZYfe0HQs/jBB8PgnqRpJiQEf90I7QwFEOLWFcC/tWyvtMM462xZkUTyWzZ80GgEn6f0XVjnKF41zxqpgtXdxNKkuRXbJHDkiBnJASuSQVUiWc3JMH8kSenUfn1Xlz3iejc8605h0yA+fjC9gdrSk=</latexit>

Dai = Dez ⇥ ai

<latexit sha1_base64="zKooPvZtGRMV9Y1YcVAIeS2cRy4="></latexit>

J = �0.5D

arXiv:2112.12475*

• Use tensor networks (matrix 
product states) to overcome size 
limits of exact diagonalization (ED)

• Quantum skyrmions are 
entangled superpositions of 
classical states

<latexit sha1_base64="OBrdy9+F3YjglwKdG980NXH1I8A="></latexit>
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⌘



Quantum Skyrmions
<latexit sha1_base64="sNkBSuXg2LxrP/DArTneKCxems8=">AAACIHicjVBNS8NAEN3Ur1q/oj16WSyCF0siRb0IpYJ4rGA/oA1hs520S3eTsLsRYgn4TwRP+k+8iUf9IZ5NWg9WFHww8Oa9GWZ4XsSZ0pb1ZhQWFpeWV4qrpbX1jc0tc3unrcJYUmjRkIey6xEFnAXQ0kxz6EYSiPA4dLzxee53bkAqFgbXOonAEWQYMJ9RojPJNct9T+AGPsOHDdfKObi3rlmxq9YU+G9SQV9ouuZHfxDSWECgKSdK9Wwr0s6ESM0oh7TUjxVEhI7JEHoZDYgA5Uymz6d4P1MG2A9lVoHGU/X7xoQIpRLhZZOC6JH66eXib14v1v6pM2FBFGsI6OyQH3OsQ5wngQdMAtU8yQihkmW/YjoiklCd5TV3xRPpfC/JGHRa+l9Q7aOqfVytXdUq9Yu7WWRFtIv20AGy0Qmqo0vURC1EUYLu0SN6Mh6MZ+PFeJ2NFoyvmMtoDsb7J5OEopg=</latexit>

B = �B0ez

<latexit sha1_base64="39dYFtt0vvdwzbvJWF1fF5pyzjY=">AAACNnicjVDLSgMxFM34rPVVdekmWATdlFaKuhEKFnFZwT6gLUMmvW1Dk5khuSPUYcA/8GsEV/odbtyJW1euTR8LKwoeCDk554aTHC+UwmA+/+LMzS8sLi2nVtKra+sbm5mt7ZoJIs2hygMZ6IbHDEjhQxUFSmiEGpjyJNS9wfnIr9+ANiLwr3EYQluxni+6gjO0kps5bHmKlt14tDFXJGflMYXEvW2hUGAmTuIKN5Mt5PJj0L9JlkxRcTOfrU7AIwU+csmMaRbyIbZjplFwCUm6FRkIGR+wHjQt9ZlNa8fjLyV03yod2g20XT7Ssfr9RsyUMUPl2UnFsG9+eiPxN68ZYfe0HQs/jBB8PgnqRpJiQEf90I7QwFEOLWFcC/tWyvtMM462xZkUTyWzZ80GgEn6f0XVjnKF41zxqpgtXdxNKkuRXbJHDkiBnJASuSQVUiWc3JMH8kSenUfn1Xlz3iejc8605h0yA+fjC9gdrSk=</latexit>

Dai = Dez ⇥ ai

<latexit sha1_base64="zKooPvZtGRMV9Y1YcVAIeS2cRy4="></latexit>

J = �0.5D

arXiv:2112.12475*

• Use tensor networks (matrix 
product states) to overcome size 
limits of exact diagonalization (ED)


• Quantum skyrmions are 
entangled superpositions of 
classical states


• Detect quantum skyrmions by 
measuring average polarization or 
neutron scattering cross section


• Quantum skyrmion lattices           
in the thermodynamic limit

<latexit sha1_base64="OBrdy9+F3YjglwKdG980NXH1I8A="></latexit>
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in eq. (2.11)). A simple squared unitary matrix is orthogonal with respect to both left/right
multiplication with its adjoint and as such can be represented as a hourglass. The SVD of
a normal matrix M can be recast to the graphical notation

⌘ M = U⇤V † ⌘
U

⇤

V †

Let me now introduce probably the most important decomposition applied in tensor networks
– the generalized version of the SVD for rank n tensors3: (i) the rank n array has to be
reduced to a rank 2 object, i.e. a matrix. This transformation (which must be a bijection)
is commonly called tensor reshaping and is understood in graphical notation as a fusion of
multiple tensor legs. (ii) The matrix then is decomposed through a standard SVD, followed
by (iii) the restoration of the original rank n object through the inverse reshaping applied
in step (i). The identity relation between the original and decomposed tensor is assured by
the inverse of (i). For a practical example, consider a rank n tensor T which is graphically
depicted by n legs (labelled by increasing numbers from 1, ..., n from left to right). To perform
a SVD between the bipartition after leg j, the tensor is reshaped to a matrix through a fusion
of legs 1, ..., j and j + 1, ..., n prior to the performed SVD, after which the original rank is
restored. In particular, the sequence of identities reads

T
i2,...,ij ,ij+1,...,in�1

i1,in
⌘

i1 in

i2
. . .

ij ij+1

. . .
in�1

(i)
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i1
i2 ...
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ij+1...
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(i1,...,ij),k

⇤
k
V †

k,(ij+1,...,in)
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k
V †

k,(ij+1,...,in)

(iii)

=
i1 in

i2
. . .

ij ij+1

. . .
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⌘ U
i2,...,ij

i1,k
⇤
k
V †

ij+1,...,in�1

k,in
, (2.1)

in which f�1 denotes the inverse of the tensor reshaping / leg fusion, and Einstein notation
implies the tensor contraction with summed index k. In the equations above, it is assumed
that the applied SVD is compact: ⇤ is a square and diagonal matrix containing the nonzero
singular values, such that ⇤ij ⌘ si�ij .

To get acquainted with the use of tensors in a more practical sense, let us aim to under-
stand some of the described concepts in the context of two-dimensional pictures. If we assume
the picture to be rasterized in an equidistant manner using square pixels, the RGB-entries
of the pixel can be collected in a 3D array of the form

P c

y,x
⌘

y x

c
.

The position of the pixel is encoded by the indices y, x and c represents a leg containing
the RGB-values (e.g., c 2 {1, 2, 3} ⌘ {r, g, b}). Using the concept of the generalized SVD,

3 For tensor network experts, do not confuse with the higher order SVD (HOSVD) or Tucker decom-
position.
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multiplication with its adjoint and as such can be represented as a hourglass. The SVD of
a normal matrix M can be recast to the graphical notation
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Let me now introduce probably the most important decomposition applied in tensor networks
– the generalized version of the SVD for rank n tensors3: (i) the rank n array has to be
reduced to a rank 2 object, i.e. a matrix. This transformation (which must be a bijection)
is commonly called tensor reshaping and is understood in graphical notation as a fusion of
multiple tensor legs. (ii) The matrix then is decomposed through a standard SVD, followed
by (iii) the restoration of the original rank n object through the inverse reshaping applied
in step (i). The identity relation between the original and decomposed tensor is assured by
the inverse of (i). For a practical example, consider a rank n tensor T which is graphically
depicted by n legs (labelled by increasing numbers from 1, ..., n from left to right). To perform
a SVD between the bipartition after leg j, the tensor is reshaped to a matrix through a fusion
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in which f�1 denotes the inverse of the tensor reshaping / leg fusion, and Einstein notation
implies the tensor contraction with summed index k. In the equations above, it is assumed
that the applied SVD is compact: ⇤ is a square and diagonal matrix containing the nonzero
singular values, such that ⇤ij ⌘ si�ij .

To get acquainted with the use of tensors in a more practical sense, let us aim to under-
stand some of the described concepts in the context of two-dimensional pictures. If we assume
the picture to be rasterized in an equidistant manner using square pixels, the RGB-entries
of the pixel can be collected in a 3D array of the form

P c

y,x
⌘
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.

The position of the pixel is encoded by the indices y, x and c represents a leg containing
the RGB-values (e.g., c 2 {1, 2, 3} ⌘ {r, g, b}). Using the concept of the generalized SVD,

3 For tensor network experts, do not confuse with the higher order SVD (HOSVD) or Tucker decom-
position.
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• MPS form gives access to the eigenvalues 
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Ĥ = J

X

hr,r0i

⇣
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contributions to reduced density matrix


• effective variational energy minimization 
(density matrix renormalization group)
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Ĥ = J

X

hr,r0i

⇣
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• radial spin winding of 3 lattice sites


• angular spin rotation according to lattice 
symmetries (here, rotation by π/3)


• Skyrmion type: Hedgehog family
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entanglement (von Neumann entropy)
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Ĥ = J

X

hr,r0i

⇣
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• confirm entanglement shared between 
two spins (Osterloh et al., Nature 416)
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• Use tensor networks (matrix 
product states) to overcome size 
limits of exact diagonalization (ED)


• Quantum skyrmions are 
entangled superpositions of 
classical states


• Detect quantum skyrmions by 
measuring average polarization or 
neutron scattering cross section


• Quantum skyrmion lattices           
in the thermodynamic limit
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• confirm entanglement shared between 
two spins (Osterloh et al., Nature 416)


• field-polarized ground state
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product states) to overcome size 
limits of exact diagonalization (ED)
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measuring average polarization or 
neutron scattering cross section


• Quantum skyrmion lattices           
in the thermodynamic limit
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• confirm entanglement shared between 
two spins (Osterloh et al., Nature 416)


• density wave ground state
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• Use tensor networks (matrix 
product states) to overcome size 
limits of exact diagonalization (ED)


• Quantum skyrmions are 
entangled superpositions of 
classical states


• Detect quantum skyrmions by 
measuring average polarization or 
neutron scattering cross section


• Quantum skyrmion lattices           
in the thermodynamic limit
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⌘

• confirm entanglement shared between 
two spins (Osterloh et al., Nature 416)


• quantum skyrmion ground state
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• Use tensor networks (matrix 
product states) to overcome size 
limits of exact diagonalization (ED)


• Quantum skyrmions are 
entangled superpositions of 
classical states


• Detect quantum skyrmions by 
measuring average polarization or 
neutron scattering cross section


• Quantum skyrmion lattices           
in the thermodynamic limit
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• Use tensor networks (matrix 
product states) to overcome size 
limits of exact diagonalization (ED)


• Quantum skyrmions are 
entangled superpositions of 
classical states


• Detect quantum skyrmions by 
measuring average polarization or 
neutron scattering cross section


• Quantum skyrmion lattices           
in the thermodynamic limit
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⌘

• Elastic magnetic differential neutron 
scattering cross section                
(extracted from spin structure factors)
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• Add anisotropy to study meltdown of the 
skyrmion phase


•
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spin waves

• Use tensor networks (matrix 
product states) to overcome size 
limits of exact diagonalization (ED)


• Quantum skyrmions are 
entangled superpositions of 
classical states


• Detect quantum skyrmions by 
measuring average polarization or 
neutron scattering cross section


• Quantum skyrmion lattices           
in the thermodynamic limit
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Quantum Skyrmions
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• Use tensor networks (matrix 
product states) to overcome size 
limits of exact diagonalization (ED)


• Quantum skyrmions are 
entangled superpositions of 
classical states


• Detect quantum skyrmions by 
measuring average polarization or 
neutron scattering cross section


• Quantum skyrmion lattices           
in the thermodynamic limit
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Ĥ = J

X

hr,r0i

⇣
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• locality of entanglement allows to access 
large system sizes — skyrmion lattices!



Quantum Spintronics
Future directions

• analytic description of the quantum 
skyrmion lattice phase


• find and utilize unique dynamics of 
quantum skyrmion lattices


• tensor networks


• state tomography


• time evolution with tensor 
networks


• finite temperature simulations 
(using auxiliary field QMC?)
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Quantum Spintronics
Future directions

• analytic description of the quantum 
skyrmion lattice phase
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networks


• finite temperature simulations 
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• To use Hubbard-Stratonovich trafo’s, we 
must write interactions as perfect squares 
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Quantum Spintronics
Future directions

• analytic description of the quantum 
skyrmion lattice phase


• find and utilize unique dynamics of 
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• tensor networks


• state tomography
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• finite temperature simulations 
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• “…” refers to terms that can be made 
constant by restrictions on the local 
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Ĥ = J

X

hr,r0i

⇣
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Ŝ↵
i =

1

2
f̂ †
i �↵f̂i

• Sign problem? If yes, how bad is it…



Summary
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• Use tensor networks (matrix 
product states) to overcome size 
limits of exact diagonalization (ED)


• Quantum skyrmions are 
entangled superpositions of 
classical states


• Detect quantum skyrmions by 
measuring average polarization or 
neutron scattering cross section


• Quantum skyrmion lattices           
in the thermodynamic limit
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