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Overview



Trapped triangular GPE breathers  
[Saint-Jalm, Dalibard, et al (2019)] 

Expalnation for triang. breathers: 
interacting bosons  ⬌ free fermions  

map; simplexes only, scale-
invariant interactions only, both 
trapped [Shi-Gao-Zhai (2020)]

SO(2, 1) map to untrapped particles [Pitaevskii-Rosch (1997) ]

Map to a Nonlinear Transport Equation [Damski (2004) ]

Chandrasekhar's solution of  the Nonlinear Transport 
Equation [Chandrasekhar (1943) ]



The phenomenon: triangular 
GPE breathers: the ENS 

experiment



R. Saint-Jalm, P. Castilho, E. L. Cerf, B. Bakkali-
Hassani, J.-L. Ville, S. Nascimbene, J. Beugnon and J. 

Dalibard, Dynamical symmetry and breathers in a two-
dimensional Bose gas, Phys. Rev. X 9, 021035 (2019).
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Explanation: Shi-Gao-Zhai 
solution: a novel  
Fermi-Bose map 



Z.-Y. Shi, C. Gao and H. Zhai, Idealized  
hydrodynamics (2020), arXiv/2011.01415.
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Free 2D fermions first 
Reformulated Question: 

   Under what circumstances, velocity distribution 
   of  zero-temperature fermions, 

             ,  

    remains self-similar at all times. 

Ansver:  

    Tensor product of  simplexes for ,  
    harmonic trap: 
  
                     

ρ( ⃗r, ⃗v ) = ( m
2πℏ )

d

θ( ⃗r, ⃗v )

ρ( ⃗r, ⃗v , t = 0)

θq( ⃗r )
vx

vy

θv( ⃗v )
x

y

⊗
ω

t = 0:

t > 0
d = any



Replace:  ℏ → "ℏ"

Byproduct: scale-invariant gases 

Take  

          .μ(n) =
4π2

3 3

ℏ2n
m

Set:  
4π2

3 3

"ℏ"2

m
→ g

Get:  μ(n) = gn

Obtain: exact hydrodynamics of  a triangular scale-invariant gas

Reproduces the ENS experiment!



Nonlinear transport  
equation: 

Chandrasekhar's solution



S. Chandrasekhar, On the decay of  plane shock waves, 
Ballistic Research Laboratory Report No. 423 (1943).
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"Optimal height for the bursting of  a 105mm shell",  
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"On the decay of  plane Shock Waves", Nov 1943
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Damski map: 
from the nonlinear transport  

equation to GPE 
hydrodynamics 



B. Damski, Formation of  shock waves in a Bose-Einstein 
condensate, Phys.Rev. A 69, 043610 (2004).
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Nonlinear Transport Equation: 

                   . 
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Damski map: 

, plus Galilean boosts.  



The SO(2, 1) map from the 
free to the trapped GPE 

hydrodynamics 



L. P. Pitaevskii and A. Rosch, Breathing modes and 
hidden symmetry of  trapped atoms in two dimensions, 

Phys. Rev. A 55(2), R853 (1997).



...



Connecting the ends:  
Damski-Chandrasekhar  

shockwave vs. a triangular  
breather 



Triangular Gross-Pitaevskii breathers and Damski-
Chandrasekhar  shock waves, M. Olshanii, D. 

Deshommes, J. Torrents, M. Gonchenko, V. Dunjko, G. 
E. Astrakharchik, SciPost Phys. 10, 114 (2021).
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shockwave 

Exact solution, 
through the

SGZ 
Fermi-Bose map  



Why Damski-Chandrasekhar  
shockwave and nothing else  

emanates from a sharp 
density step in GPE? 



We don't know yet



One thing we do know is that 
there is no  

beyond-hydrodynamics energy 
scales. 

If  one can prove that  
Damski-Chandrasekhar is 

"unique" in some sense, this 
will answer the question. 



Can features of  the order of  the healing 
length lead to infinities from the 

hydrodynamical perspective? 

1
R

ψ1-body

ξ

Hydrodynamical energy scale:

EHD ⇠ µN .

Acceleration energy:

Eacceleration ⇠ µn⇠R ⇠ ⇠

R
EHD ⌧ EHD .

Heisenberg uncertainty energy:

EHeisenberg ⇠ ~2
m⇠2

nR⇠ ⇠ µn⇠R ⇠ ⇠

R
EHD ⌧ EHD .

Cusp energy:

w(~p) ⇠ ~2
⇠2

1

p4

pcut-o↵ accross ⇠
~
⇠
; pwidth along ⇠ ~

R

Ecusp ⇠
Z Z

d2~p
p2

m
w(~p)N ⇠ pwidth along

~2
m⇠2

1

p

���
p⇠pcut-off accross

N ⇠ ⇠

R
EHD ⌧ EHD .
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2D + wall

a wall



Can features of  the order of  the healing 
length lead to infinities from the 

hydrodynamical perspective? 

ψ1-body

ξ

3D + HO

Cf. F. Dalfovo, L. Pitaevskii, S. Stringari, 
"Order Parameter at the Boundary of  a Trapped Bose Gas", 
Phys. Rev. A 54, 4213 (1996) 

Hydrodynamical energy scale:

EHD ⇠ µN .

Cusp energy:

Ecusp ⇠
✓
⇠

R

◆2

ln

✓
R

⇠

◆
EHD ⌧ EHD .
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"First three minutes" 
Triangular Gross-Pitaevskii breathers and Damski-

Chandrasekhar  shock waves, M. Olshanii, D. 
Deshommes, J. Torrents, M. Gonchenko, V. Dunjko, 

G. E. Astrakharchik, SciPost Phys. 10, 114 (2021).

"Universe as we know it" 
Z.-Y. Shi, C. Gao and H. Zhai, Idealized  

hydrodynamics (2020), arXiv/2011.01415.
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"Why GPE realizes the 
`First three minutes'?"



Triangular Gross-Pitaevskii breathers and Damski-
Chandrasekhar  shock waves, M. Olshanii, D. 

Deshommes, J. Torrents, M. Gonchenko, V. Dunjko, G. 
E. Astrakharchik, SciPost Phys. 10, 114 (2021).



Summary 



Trapped triangular GPE breathers  
[Saint-Jalm, Dalibard, et al (2019)] 

Expalnation for triang. breathers: 
interacting bosons  ⬌ free fermions  

map; simplexes only, scale-
invariant interactions only, both 
trapped [Shi-Gao-Zhai (2020)]

SO(2, 1) map to untrapped particles [Pitaevskii-Rosch (1997) ]

Map to a Nonlinear Transport Equation [Damski (2004) ]

Chandrasekhar's solution of  the Nonlinear Transport 
Equation [Chandrasekhar (1943) ]



Outlook 



Open questions in triangular breathers:  

(*) Why GPE decides to realize Damski-Chandrasekhar's catastrophe at  
t = 0 and nothing else? 

  
(*) Why equilateral triangles make it through the "death of  the bulk" 
catastrophe at t = T/8,  but other don't?  

Both are supported by the Bose-Fermi map. Other polygons aren't.   



Next summit: 
disk breathers 





The story is much more convoluted!



Support by:



"Triangular Gross-Pitaevskii breathers and Damski-Chandrasekhar  
shock waves", M. Olshanii, D. Deshommes, J. Torrents, M. Gonchenko, 
V. Dunjko, G. E. Astrakharchik, arXiv:2102.12184 

Dumesle Deshommes (UMass Boston)

Jordi Torrens (U Barcelona)

Marina Gonchenko (U Politècnica de Catalunya)

Vanja Dunjko (UMass Boston)

Gregory Astrakharchik  (U Politècnica de Catalunya)



“Nothing is ever discovered for the first time.” 
-- Berry's Law



Thank you!


