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Outline

1. Introduction
I What is a surface wave? What is a chiral surface wave? (hydro)
I Theory of continuous (linear) elasticity. Surface (Rayleigh) waves
I Examples of chiral crystal

2. Model under investigation
I Solution bulk excitation
I Recipe surface excitation

3. Results
I Chiral and non-chiral regimes
I Finite difference solution (video, if the internet connection is good enough...)

4. Conclusions
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Chiral surface waves 2d hydro

Excitations on the free surface of
deep water

(gravity waves in Newtonian
fluids: ω 6=

√
gk)

. . . upon adding parity breaking /P
terms

CHIRALITY: propagation is unidirectional
(dispersion relation only for certain
wavenumbers)

Abanov, Can, Ganeshan, 2018

Abanov, Can, Ganeshan, Monteiro, 2019

Souslov, Dasbiswas, Fruchart, Vaikuntanathan, Vitelli, 2019

BULK

SURFACE
SURFACE

SURFACE

?Chiral surface excitations in elastic media?
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https://arxiv.org/abs/1907.11196
https://arxiv.org/abs/1802.09649


Linear elasticity theory

- Matter at everyday scale is not granular but a continous distribution of masses
- Elastic solids resist to deformations: come back to their original configurations

x
x' x + u(x)

x'+u(x')

DEFORMATION 

1. Displacements from equilibrium positions
2. Distance between points
3. Symmetric strain field tensor
4. Free energy quadratic in strain

u = (ux , uy )T

dl ′2 = dl2 + 2uikdxi dxk

uij ≡ ∂(kui)

Eel = λijkl uij ukl

λijkl elastic moduli tensor...crystals, uniform bodies.
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Back to the 1885

- Elastic solids: continous "pieces of stuff": rocks, wood...
- Bulk modes: two gapless linear dispersing sounds (transverse and longitudinal)
- Boundary problem: no stress at the free surface

! Surface (Rayleigh) excitations cR < cT < cL
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(Brutal) seismological approximation:

Earth’s crust ∼ solid body. During
Earthquakes:

1. low amplitude bulk modes (P, SV)
2. surface high-damaging excitations

(Rayleigh surface waves)
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Chiral crystals

- Periodic
arrangements of
matter

- Broken /P, /T
- PT preserved

Coupled gyroscopes (Irvine

group, 2015)

Mass-spring networks +
Coriolis (Ronellenfitsch, Dunkel,

2019)

Vortices in SF/SC
(Abo-Shaeer, Raman,Vogels, Ketterle,

2001)

Skyrmions in MnSi (Milde et

al., 2013)

G.S. jellium Hamiltonian
at low densities (2d: trg crystal)
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https://arxiv.org/abs/1504.03362
https://arxiv.org/abs/1504.03362
https://arxiv.org/abs/1907.02054
https://arxiv.org/abs/1907.02054
https://arxiv.org/abs/0902.1968
https://arxiv.org/abs/0902.1968


The question that we asked ourselves

- Do surface chiral waves exist in elastic
bodies?

- Direction of propagation, power law
dispersion?

- What is the role of elasticity?

ELASTIC 
SYSTEM

P T

Framework hydro elasticity
System fluids solids
Tensors viscosity tensor λijkl
d.o.f. velocities displacements uij

Chirality from odd viscous terms magn. field, rotation, . . .
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Model: displacement field coupled to magnetic field

2d: #[λijkl ] = 24 → 6,
elastic-energy price to pay

Triangular (hexagonal)
lattice: 6 → 2

(Landau Lifsits VII)

Triangular crystals are
equivalent to uniform bodies!

Eel (uij ) = 2C1u2
kk + 2C2ũ2

ij

Trace ukk → C1 COMPRESSIONAL modulus
Traceless ũij ≡ uij − ukk

2 δij → C2 SHEAR modulus

8 of 18



Model: displacement field coupled to magnetic field

2d: #[λijkl ] = 24 → 6,
elastic-energy price to pay

Triangular (hexagonal)
lattice: 6 → 2

(Landau Lifsits VII)

Triangular crystals are
equivalent to uniform bodies!

Eel (uij ) = 2C1u2
kk + 2C2ũ2
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Trace ukk → C1 COMPRESSIONAL modulus
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Bulk modes

Theory is quadratic → exactly solvable

Zero magnetic field (old)
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Two gapless (linearly
dispersing) sounds

- Longitudinal
- Transverse

Magnetic field B = mΩ applied:

MP
H

MP
L

- Softening of the spectrum: both modes are quadratic
- Opening of a gap due to Kohn theorem (1961, Galilean
invariant theories in external magnetic fields)

- Gapless: magnetophonon
- Gapped: magnetoplasmon
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Rayleigh edge modes 1

Goal: combine bulk e.o.m. with boundary conditions:

Simplest manifold:

Vacuum 

Crystal

Type of solutions that we are looking for:
- plane waves in translational invariant
direction

- exponential suppression in vertical
direction (surface waves)

−→ ansatz (κ > 0)

u (x , y , t) = u ei(kx−ωt)eκy

General solution as superposition of the two bulk modes (MPH u−, MPL u+)

u (x , y , t) = ei(kx−ωt)(a u−eκ−y + b u+eκ+y )
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Rayleigh edge modes 2

Which boundary conditions at y = 0?

The surface is free −→ no force acting on it

No exchange momentum crystal ↔ vacuum

Force is the divergence of stress tensor fi = ∂kTik

Txy (x , y = 0) = Tyy (x , y = 0) != 0

The stress tensor of the theory is the Cauchy stress tensor:

Tij =
δEel
δuij

∝ C1ukkδij + C2ũ2
ij
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Poisson Ratio σ

- what does it happen when
uniaxial tension is applied to
a material?

- how much does it elongate or
stretch in the perpendicolar
direction?

uyy = −σuxx

Dimensionless parameter σ is a combination of
compressional C1 and shear C2 moduli

auxetic metamaterials

stretching causes elongation in the other direction

traditional materials 
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Results

In two dimensions σ =
2C1 − C2
2C1 + C2

- σ = −1↔ C1 = 0 F

- σ = 1/3↔ C1 = C2 N

- σ = 1↔ C1 = +∞ (D’Amico, Vignale, 1999)

Numerics (blue: cross sections of the gapless bulk excitation)

(A) (B) (C)

SURFACE EXCITATIONS 

- Three qualitatively distinct regimes
- Flipping sign magnetic field Ω flips dispersion
- Chirality is not determined only by the sign of the magnetic field Ω but also by a competition
between the two elastic parameters!

- There is a full region σ1 < σ < σ2 where excitations are not chiral
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https://arxiv.org/abs/cond-mat/9901206


Finite difference simulations

Illustrative purposes: finite elements simulations of the system

1. system is initiated by deforming a
small region near the center of the
boundary

2. partial propagation of the excitation
into the bulk gives rise to an
interference pattern

3. localized edge excitations are visible:
to guide the eye, lattice points whose
displacements are above a certain
threshold are depicted as magenta
points.
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VIDEO
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https://youtu.be/NYXSFv7dfGg?t=45


"Universality"

The evolution of
the height of the
gapped surface
excitation is

independent of
the value of the
magnetic field

(Ω 6= 0)
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Special points

F Maximally auxetic case: no resistance to compression C1 = 0↔ σ = −1
(in twisted Kagome lattices: Sun, Souslov, Mao, Lubensky, 2011)

static surface excitation (floppy mode)

chiral gapped surf. exc.

2d representation ψ ≡ ux + iuy B.C. takes the form ∂zψ|y=0= 0
edge excitations are holomorphic on the border of the manifold

N Symmetric case, C1 = C2 ↔ σ = 1/3

Triangular NN lattice of
identical springs
Propagation of surface
excitations is equal in both
directions!
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https://arxiv.org/abs/1112.1109


Summary & Outlook

! Surface modes that are chiral and quadratic at low momenta

! Sign of the magnetic field does not fully characterize the direction of
propagation

! Existence of three qualitatively different regimes characterized by the elastic
moduli C1, C2 (their dimensionless combination σ)

? Inverse design: microscopic model to scan σ space; opening of a topological
gap

? Unscreened non-local Coulomb interaction
? Vortex crystal in superfluids (ϕ: Watanabe, Murayama, 2013), (aµ: Moroz,
Hoyos, C.B., D.T. Son, 2018)

? Effect ignored NLO contributions:
Dissipationless Phonon Hall viscosity ηijkl∂i uj∂k u̇l (Barkeshli, Chung, Qi, 2011)
Second order elasticity λ̃ijklmn∂i∂j uk∂k∂mun

? Odd elasticity in active metamaterials (Vitelli et al., 2020)
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https://arxiv.org/abs/1302.4800
https://scipost.org/SciPostPhys.5.4.039/pdf
https://scipost.org/SciPostPhys.5.4.039/pdf
https://arxiv.org/abs/1109.5648
https://arxiv.org/pdf/1902.07760
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Thank you for your attention!
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