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• Prototypical many-body system 

‣ Gain insight into more complicated quantum systems 

• Mobile impurity: 

‣ “Dressed” impurity, quasiparticle, polaron … 

• Fixed impurity: 

‣ Orthogonality catastrophe in Fermi gas 

• Possibility of controlled experiments with cold atoms 

‣ Tunable interactions 

‣ Bosonic or fermionic mediums

WHY IMPURITIES?

h 0| inti = 0



OUTLINE

✦ Impurity in a BEC 

✦ Effect of few-body bound states  

✦ How universal is the Bose polaron? 

✦ Ground state at unitarity 

✦ Infinite impurity mass
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Fermi versus Bose polarons

Cold fermions: Fermi sea Cold bosons: Bose-Einstein condensate

EF

Unlike fermions, ultracold bosons interact. 
Thus, the Bose gas is characterised by two length scales:

• Interparticle spacing n-1/3

• Boson-boson scattering length aB

Assume aB       n-1/3 — the Bose medium is described by Bogoliubov theory⌧

Also, possibility of forming 3-body bound state (“Efimov” trimer)

• Additional length scale a- , which sets the size of deepest Efimov trimer



The Efimov effect
• V. Efimov (1970): Three identical bosons with resonant short-range 

interactions (1/a=0) support an infinite number of trimers 

•  Experimental evidence: Gas of Cs atoms (Kraemer et al, Nature 2006) 

E. Braaten, H.-W. Hammer / Physics Reports 428 (2006) 259 –390 307
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Fig. 23. The a−1–K plane for the 3-body problem. The allowed regions for 3-atom scattering states and atom–dimer scattering states are labelled
AAA and AD, respectively. The heavy lines labeled T are three of the infinitely many branches of Efimov states. The cross-hatching indicates the
threshold for scattering states. The axes labelled 1/a and K are actually H 1/4 cos ! and H 1/4 sin !.

where f (x) is a periodic function with period 2". As another example, the binding energies of the Efimov trimers
scale as E

(n)
T → #−2m

0 E
(n)
T . The constraints of the discrete scaling symmetry are more intricate in this case, because it

maps each branch of the Efimov spectrum onto another branch. The dependence of the binding energies on a and $∗
must satisfy

E
(n)
T (#m

0 a, $∗) = #−2m
0 E

(n−m)
T (a, $∗). (176)

This implies that the binding energies for a > 0 have the form

E
(n)
T (a, $∗) = Fn(2s0 ln(a$∗))

22$2
∗

m
, (177)

where the functions Fn(x) satisfy

Fn(x + 2m") = (e−2"/s0)mFn−m(x). (178)

The functions Fn(x) must also have smooth limits as x → ∞:

Fn(x) → (e−2"/s0)n−n∗ as x → ∞. (179)

In the 3-body problem, it is again convenient to introduce the energy variable K defined by Eq. (69). For a given value
of $∗, the possible low-energy 3-body states in the scaling limit can be identified with points in the (a−1, K) plane. It
is also convenient to introduce the polar coordinates H and ! defined by Eqs. (70). The discrete scaling transformation
in Eqs. (173) is simply a rescaling of the radial variable with $∗ and ! fixed: H → #−m

0 H .
The a−1–K plane for three identical bosons in the scaling limit is shown in Fig. 23. The possible states are 3-atom

scattering states, atom–dimer scattering states, and Efimov trimers. The regions in which there are 3-atom scattering
states and atom–dimer scattering states are labelled AAA and AD, respectively. The threshold for scattering states is
indicated by the hatched area. The Efimov trimers are represented by the heavy lines below the threshold, some of
which are labelled T. There are infinitely many branches of Efimov trimers, but only a few are shown. They intercept the
vertical axis at the points K =−(e−"/s0)n−n∗$∗. Although we have labelled the axes a−1 =H cos ! and K =H sin !, the
curves for the binding energies in Fig. 23 actually correspond to plotting H 1/4 sin ! versus H 1/4 cos !. This effectively

Braaten & Hammer, Phys. Rep. 2006

• Three-body problem has discrete scaling 
symmetry:  

• Trimers can be mapped onto another 
via transformation: 

• Trimer energies at resonance:

E ! ��2n
0 E a ! �n

0a

���2n
0

~22
⇤

m

1/a�

• Deepest bound trimers typically deviate from scaling symmetry



Theoretical description
• Hamiltonian for impurity in a BEC :

–  Closed channel (d) fixes a and effective range r0

c    b

g

2

• Universal function, comparison with QMC

• Perturbative limits - large R⇤?

• Characterization - residue, contact, e↵ective mass

II. MODEL AND VARIATIONAL APPROACH

We consider an impurity atom immersed in a weakly
interacting homogenous Bose-Einstein condensate at zero
temperature. The interactions in the medium are charac-
terised by the boson-boson scattering length aB, and we
thus require n0a3B ⌧ 1, with n0 the condensate density.
This allows us to treat both the ground state and the
excitations of the BEC within Bogoliubov theory [15].
Note that we always implicitly assume aB > 0 to ensure
the stability of the condensate.

The presence of the impurity in the medium adds two
more length scales associated with the impurity-boson in-
teraction. The first of these is the scattering length a be-
tween the impurity and a boson from the medium. In the
following, we focus on the strong-coupling unitary regime
close to a Feshbach resonance where |a| greatly exceeds
all other length scales, i.e., we generally consider 1/a = 0.
Here, we assume short-range contact interactions, as is
well realised in current ultracold atom experiments.

The second additional length scale is the so-called
three-body parameter, which characterises the size of
the smallest (ground-state) Efimov trimer. In systems
of identical bosons it was observed in experiment [16]
that this length scale is universally related to the van der
Waals range, i.e., to the underlying two-body interaction
potential. This phenomenon, termed van der Waals uni-
versality, was explained in Refs. [17–20] as arising due
to an e↵ective short-range repulsion in the hyperradial
three-body potential. This universality has further been
generalized to various other non-van-der-Waals systems,
and the three-body parameter has been shown to be uni-
versally characterised by the e↵ective range [19, 21]. MP:
we are interested in the universality of the Efimov states,
not the three-body parameter. We thus relate the three-
body parameter to our two-body interaction by intro-
ducing an e↵ective range, which provides an ultraviolet
cut-o↵ for Efimov physics and fixes the three-body pa-
rameter [? ]. As we demonstrate in Section III, for an
impurity of the same mass as the medium atoms – the
scenario considered here – the precise manner of regular-
ising Efimov physics is unimportant, owing to the large
separation of scales between the short-range physics and
Efimov physics.

Given the above considerations, to model the system
we employ the two-channel Hamiltonian [? ] (setting ~

and the volume to 1)

Ĥ =
X

k

h
Ek�

†
k�k + ✏kc

†
kck +

�
✏dk + ⌫0

�
d†kdk

i

+ g
p
n0

X

k

⇣
d†kck + h.c.

⌘
+ g

X

k,q

�
d†qcq�kbk + h.c.

�
, (1)

which is defined with respect to the energy of the BEC
in the absence of the impurity. Here, b†k and c†k are
the creation operators of a boson and the impurity, re-
spectively, with momentum k and single particle energy
✏k = k

2/2m, where the masses of a boson and the im-
purity are taken to be equal. A boson and the impu-
rity interact by forming a closed-channel dimer created
by d†k, with ✏

d
k = ✏k/2. The inter-channel coupling g and

the bare detuning ⌫0 are chosen such that they reproduce
the two-body scattering amplitude in vacuum at relative
momentum k:

f(k) = � 1

a�1 � 1
2r0k

2 + ik
. (2)

Carrying out the renormalization procedure yields [22,
23] other refs?

a =
mg2

4⇡

1
g2m⇤
2⇡2 � ⌫0

, r0 = � 8⇡

m2g2
, (3)

which relates the physical low energy observables, the
scattering length a and e↵ective range r0, to the bare
parameters of the model.

In writing the Hamiltonian (1) we already applied
the Bogoliubov approximation for the weakly-interacting
condensate: The operator �†

k creates a phonon, or Bogoli-
ubov excitation, and is related to the bare boson operator
b†k by the transformation b†k = uk�

†
k�vk��k. Here, uk =p

[(✏k + µ)/Ek + 1]/2, vk =
p
[(✏k + µ)/Ek � 1]/2, the

Bogoliubov dispersion is Ek =
p
✏k(✏k + 2µ), and the

boson chemical potential is µ = 4⇡n0aB/m ⌘ 1/(2m⇠20),
where ⇠0 is the coherence length of the condensate.

To explore the ground-state properties of the unitary
Bose polaron we apply the variational principle, using a
wave function consisting of terms with increasing num-
bers of phonons excitated from the condensate by the
impurity:

| i = | 0i+ | 1i+ | 2i+ | 3i . (4)

– Additional length scale (r0) required for Efimov physics

- Expansion in number of Bogoliubov excitations of the BEC

• Consider wavefunctions of the form:

See, also: F. Chevy, PRA 74, 063628 (2006);  S. P. Rath and R. Schmidt, PRA 88, 053632 (2013) 
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• Universal function, comparison with QMC

• Perturbative limits - large R⇤?

• Characterization - residue, contact, e↵ective mass

II. MODEL AND VARIATIONAL APPROACH

We consider an impurity atom immersed in a weakly
interacting homogenous Bose-Einstein condensate at zero
temperature. The interactions in the medium are charac-
terised by the boson-boson scattering length aB, and we
thus require n0a3B ⌧ 1, with n0 the condensate density.
This allows us to treat both the ground state and the
excitations of the BEC within Bogoliubov theory [15].
Note that we always implicitly assume aB > 0 to ensure
the stability of the condensate.

The presence of the impurity in the medium adds two
more length scales associated with the impurity-boson in-
teraction. The first of these is the scattering length a be-
tween the impurity and a boson from the medium. In the
following, we focus on the strong-coupling unitary regime
close to a Feshbach resonance where |a| greatly exceeds
all other length scales, i.e., we generally consider 1/a = 0.
Here, we assume short-range contact interactions, as is
well realised in current ultracold atom experiments.

The second additional length scale is the so-called
three-body parameter, which characterises the size of
the smallest (ground-state) Efimov trimer. In systems
of identical bosons it was observed in experiment [16]
that this length scale is universally related to the van der
Waals range, i.e., to the underlying two-body interaction
potential. This phenomenon, termed van der Waals uni-
versality, was explained in Refs. [17–20] as arising due
to an e↵ective short-range repulsion in the hyperradial
three-body potential. This universality has further been
generalized to various other non-van-der-Waals systems,
and the three-body parameter has been shown to be uni-
versally characterised by the e↵ective range [19, 21]. MP:
we are interested in the universality of the Efimov states,
not the three-body parameter. We thus relate the three-
body parameter to our two-body interaction by intro-
ducing an e↵ective range, which provides an ultraviolet
cut-o↵ for Efimov physics and fixes the three-body pa-
rameter [? ]. As we demonstrate in Section III, for an
impurity of the same mass as the medium atoms – the
scenario considered here – the precise manner of regular-
ising Efimov physics is unimportant, owing to the large
separation of scales between the short-range physics and
Efimov physics.

Given the above considerations, to model the system
we employ the two-channel Hamiltonian [? ] (setting ~
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which is defined with respect to the energy of the BEC
in the absence of the impurity. Here, b†k and c†k are
the creation operators of a boson and the impurity, re-
spectively, with momentum k and single particle energy
✏k = k

2/2m, where the masses of a boson and the im-
purity are taken to be equal. A boson and the impu-
rity interact by forming a closed-channel dimer created
by d†k, with ✏

d
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the bare detuning ⌫0 are chosen such that they reproduce
the two-body scattering amplitude in vacuum at relative
momentum k:
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, r0 = � 8⇡
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, (3)

which relates the physical low energy observables, the
scattering length a and e↵ective range r0, to the bare
parameters of the model.

In writing the Hamiltonian (1) we already applied
the Bogoliubov approximation for the weakly-interacting
condensate: The operator �†

k creates a phonon, or Bogoli-
ubov excitation, and is related to the bare boson operator
b†k by the transformation b†k = uk�
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k�vk��k. Here, uk =p

[(✏k + µ)/Ek + 1]/2, vk =
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Bogoliubov dispersion is Ek =
p
✏k(✏k + 2µ), and the

boson chemical potential is µ = 4⇡n0aB/m ⌘ 1/(2m⇠20),
where ⇠0 is the coherence length of the condensate.

To explore the ground-state properties of the unitary
Bose polaron we apply the variational principle, using a
wave function consisting of terms with increasing num-
bers of phonons excitated from the condensate by the
impurity:

| i = | 0i+ | 1i+ | 2i+ | 3i . (4)

…

…



Truncated basis method
•  Consider wavefunctions with up to 2 Bogoliubov excitations:

• Zero-temperature spectral function:

Impurity immersed in a quantum gas

Abstract
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A universal polaron?

Model and wavefunction
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Quasiparticle properties

Finite impurity mass
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Short-time dynamics
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I. Bose medium & the Efimov effect

II. Dynamics in a Fermi medium
Introduction
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• Energy and quasiparticle residue

• Effect of boson-boson interaction aB/|a-|

• We investigate the zero-temperature properties of an 
impurity particle interacting with a BEC [1] 

• For increasing attraction between the impurity and the 
BEC, we observe a smooth crossover from atom to 
Efimov trimer 

• Near the Efimov resonance a-, there is a superposition 
of states 

• Three-body loss does not prohibit the experimental 
observation of these effects 

• The energy and residue are significantly lowered by 
3-body correlations, even for weak interactions 

• There is no “universal” Bose polaron at unitarity, 
unlike its fermionic counterpart 

• We have a route to realizing Efimov physics in a 
stable quantum many-body system for the first time

• Variational wavefunction that includes up to two 
Bogoliubov excitations of the BEC:

• To fix a- , we use a two-channel Hamiltonian: 

• No Efimov trimer at large densities

• Variational [2] and QMC [4] studies suggest that 
the polaron energy only scales with n0 at unitarity

• We find that 3-body effects are important:

including 3-body correlations

2-body correlations only

| i =
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†
0 +

X

k

↵kc
†
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†
k +
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2
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+ �0d
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†
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Ĥ =
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k

h
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†
k�k + ✏kc

†
kck + (✏dk + ⌫0)d
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kdk

i

+ g
p
n0

X
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†
kck + h.c.

⌘
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k,q
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d
†
qcq�kbk + h.c.
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Ek =
p
✏k(✏k + 8⇡aBn0/m)

where boson operator bk = uk�k � vk�
†
�k

dispersion

– Closed channel d fixes a and effective range r0

and condensate density n0 [assume equal masses]

Residue            3-body loss rate

a� ⇡ 9900r0

� /
X

k

|�k|2Z = |↵0|2

– Efimov parameter

• The dynamical behaviour of a many-body system 
yields valuable information about its properties  

• It is now possible to experimentally probe ultrafast 
dynamics of impurities coupled to a cold atomic 
Fermi gas [see Cetina’s poster] 

• Atom interferometry:

Truncated basis method (TBM)

• Hamiltonian for 40K atom in a 6Li Fermi gas:

Ĥ =
X

k

h
✏kf

†
kfk + ✏

im
k c

†
kck + (✏dk + ⌫0)d

†
kdk

i

+ g
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�
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†
qcq�kfk + h.c.

�

– Closed channel d fixes a and R* = -r0/2

|"i
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†
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kfq
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A |FSi

S(t) = h 0| e�iĤt/~ | 0i =
X

j

|h 0|�ji|2 e�iEjt/~

2-body only [2]
Perturbative [3]

Full variational 
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TBM 
Exact T = 0
Exact T/TF = 0.16 

• Restrict Hilbert space to wavefunctions of the form:

• Diagonalize Hamiltonian within this truncated basis 
and determine response (at zero temperature):

where non-interacting state

S(t) ⇡ 1� t2
k3F

3⇡m2
rR

⇤

• For small t, the dephasing dynamics is completely 
determined by 2-body properties:

• TBM accurately describes behaviour at short times

• Comparison of magnitude and phase with exact result 
for an infinitely massive impurity:

� � �� �� ���

���

�

� � �� �� ��

�

-���

-�

1/kFa = �0.86 kFR
⇤ = 1.12

– Excellent agreement at short times 

– Multiple particle-hole pair excitations 
become relevant at longer times 

– TBM cannot capture orthogonality 
catastrophe [5]

40/6

mK/mLi

1

 Outlook

• The TBM can model arbitrary time evolution of the 
Hamiltonian, including Rabi oscillations, spin echo, … 

• Extension to finite temperature: thermal decoherence 
dominates experiment at long times 

• Approximations beyond TBM?

QUENCH

• Behaviour at long times is sensitive to the impurity-
fermion mass ratio

residue

S(t) ! |↵0|2e�i"pt

match small t 

• When there is a well-defined polaron in the ground 
state, we have for large t :

polaron energy

• Diagonalise Hamiltonian within truncated basis:

6

the Fröhlich model already misses terms at the third order of perturbation theory [9]. These are

on the other hand correctly captured within the variational approach described in Ref. [7], which

forms the basis of our evaluation of the entire impurity spectral function.

B. Truncated basis method for the Bose polaron

To approximately model the Bose polaron across the full range of impurity-boson interactions,

we apply a truncated basis method (TBM), first introduced in Ref. [10]. This method was suc-

cessfully used to model both the dynamics and the spectral response for an impurity strongly

interacting with a Fermi gas [10], and here we extend the TBM to obtain the spectral function of

the Bose polaron.

The TBM consists in truncating the Hilbert space of wavefunctions for the impurity in the BEC.

In the present work, we restrict the Hilbert space to wavefunctions containing the impurity, the

BEC, and up to 2 Bogoliubov excitations of the BEC. As we shall see, this allows us to capture the

attractive and repulsive polaron peaks in the spectral function, as well as the continuum of states

in between. Variational wavefunctions with up to one [11] or two [7] Bogoliubov excitations have

already been successfully used to determine the ground-state energy of the Bose polaron; here we

extend the use of the variational wavefunction in Ref. [7] to evaluate the entire spectral function

of the impurity.

We start by considering an exact energy eigenstate of the system which satisfies the equation:

Ĥ |yi= E |yi (S3)

where E is the energy of the state |yi. We then take truncated wavefunctions of the form: |yi =

Â j a j | ji, where {| ji} represents a subset of a complete orthonormal set of states. Inserting this

into Eq. (S3) and taking the projection with respect to | ji then yields

Ea j = Â
l

h j| Ĥ |lial ⌘ Â
l

Hjlal. (S4)

Diagonalising the Hamiltonian within this subspace then corresponds to determining the eigenval-

ues and eigenvectors of the matrix Hjl .

To determine the spectral function using the TBM, we exploit the relation between the Green’s

7

0 1 2 3 0 1 2 3

FIG. 5. Spectral function I(!) calculated within the TBM with one particle-hole excitation for (a) kFR
⇤ = 0 and (b) kFR

⇤ = 1.
The Gaussian width is taken to be � = 0.1EF . The dressed dimer state is the ground state rather than the attractive polaron
when 1/kF a & 0.9 in (a) and 1/kF a & 0.4 in (b). In the bottom panels we show the spectral function for kFR

⇤ = 0 (solid) and
kFR

⇤ = 1 (dashed), at fixed 1/kF a: (c) �0.5, (d) 0.5, and (e) 1.5

Using Eq. (20), we can find an approximate spectral
function within the TBM,

A(!) '

X

j

|h 0|�ji|
2
Z

1

�1

dt

2⇡
e
i!t

e
�i(Ej�E0)t

| {z }
�(!�Ej+E0)

. (23)

The Dirac delta function is easier to handle in the dis-
cretized basis if we first convolve A(!) with a Gaussian
of width �:

I(!) =

Z
1

�1

d!
0
A(! � !

0)g(!0)

=
X

j

|h 0|�ji|
2
g(! � Ej + E0), (24)

where

g(!) =
1

p
2⇡�

e
�!

2
/2�

2

. (25)

Indeed, such a convolution mirrors experiment, where
the spectral response is determined using rf pulses of a
finite duration and hence a non-zero width in frequency
space. This width can typically be well approximated by
a Gaussian.

In Fig. 4, we illustrate the idea behind the method:
First we evaluate the raw spectrum of energy eigenvalues

and corresponding residues, which yields a large num-
ber of discrete peaks of variable heights. The convolved
spectral function, I(!), on the other hand, is a smooth
function of frequency and is what would be observed in
experiment. Such a spectral convolution is easier to gen-
erate using the TBM compared to the standard T matrix
approach [39].

We show the results of this procedure in Fig. 5 for
two values of kF R

⇤. We see that the spectrum in both
cases is dominated by the attractive and repulsive po-
laron quasiparticles at positive and negative energy, re-
spectively. In between, there is a broad continuum of
states which all have a very small wave function overlap
with the non-interacting impurity state. In particular,
once 1/kF a & 1, the spectral weight of the continuum is
essentially negligible, as was also observed in Ref. [34].

The main e↵ect of the range parameter R
⇤ is to shift

the energies of the polaron branches closer to zero, espe-
cially in the unitary regime shown in Fig. 5(d), and to
increase the lifetime of the repulsive polaron such that it
can be well-defined even on the attractive side of the res-
onance [41]. It also a↵ects the character of the impurity
ground state: With increasing 1/kF a, the impurity even-
tually undergoes a sharp transition from an attractive
polaron to a dressed dimer [27–29], and this transition oc-
curs at lower 1/kF a for larger kF R

⇤ [33, 35, 42]. However,
this is not captured by the TBM with one particle-hole

MMP & J. Levinsen, PRB 94, 184303 (2016)  

MEERA M. PARISH AND JESPER LEVINSEN PHYSICAL REVIEW B 94, 184303 (2016)

treated within the renormalization group [38], in diagrammatic
Monte Carlo [34], and within a T-matrix approach [39]. The
latter approach includes two-body correlations in the impurity
wave function systematically, and is equivalent to the TBM
calculation of the spectral function with one particle-hole
excitation. However, the TBM is easier to extend to other
types of impurity dynamics and to higher-order correlations,
as we show in Secs. V– VII.

For a perfect quench in the dynamical problem, the Ramsey
response (18) corresponds to the overlap between the time-
evolved interacting and noninteracting states of the system.
The spectral function A(ω) is then obtained from the Fourier
transform of S(t) [40]:

A(ω) = Re
! ∞

0

dt

π
eiωtS(t). (22)

This clearly illustrates the close connection between the energy
spectrum and the dynamical response of the system to a quench
of the system parameters.

Using Eq. (20), we can find an approximate spectral
function within the TBM,

A(ω) ≃
"

j

|⟨ψ0|φj ⟩|2
! ∞

−∞

dt

2π
eiωte−i(Ej −E0)t

# $% &
δ(ω−Ej +E0)

. (23)

The Dirac delta function is easier to handle in the discretized
basis if we first convolve A(ω) with a Gaussian of width σ :

I (ω) =
! ∞

−∞
dω′A(ω − ω′)g(ω′)

=
"

j

|⟨ψ0|φj ⟩|2g(ω − Ej + E0), (24)

where

g(ω) = 1√
2πσ

e−ω2/2σ 2
. (25)

Indeed, such a convolution mirrors experiment, where the
spectral response is determined using rf pulses of a finite
duration and hence a nonzero width in frequency space. This
width can typically be well approximated by a Gaussian.

In Fig. 4, we illustrate the idea behind the method: First
we evaluate the raw spectrum of energy eigenvalues and
corresponding residues, which yields a large number of
discrete peaks of variable heights. The convolved spectral
function, I (ω), on the other hand, is a smooth function of
frequency and is what would be observed in experiment. Such
a spectral convolution is easier to generate using the TBM
compared to the standard T-matrix approach [39].

We show the results of this procedure in Fig. 5 for two values
of kF R∗. We see that the spectrum in both cases is dominated
by the attractive and repulsive polaron quasiparticles at positive
and negative energy, respectively. In between, there is a broad
continuum of states which all have a very small wave function
overlap with the noninteracting impurity state. In particular,
once 1/kF a ! 1, the spectral weight of the continuum is
essentially negligible, as was also observed in Ref. [34].

The main effect of the range parameter R∗ is to shift the
energies of the polaron branches closer to zero, especially
in the unitary regime shown in Fig. 5(d), and to increase the

FIG. 4. Illustration of the decomposition of the spectral function
at 1/kF a = kF R∗ = 0. The solid line is the convolved spectral
function I (ω) according to Eq. (24) with a Gaussian width of
σ = 0.15EF (solid) and σ = 0.3EF (dashed). The bars show A(ω)
calculated according to Eq. (23), where the eigenvalues have been
binned and the height of each bin set to

'
j∈bin |⟨ψ0|φj ⟩|2.

lifetime of the repulsive polaron such that it can be well defined
even on the attractive side of the resonance [41]. It also affects
the character of the impurity ground state: With increasing
1/kF a, the impurity eventually undergoes a sharp transition
from an attractive polaron to a dressed dimer [27– 29], and this
transition occurs at lower 1/kF a for larger kF R∗ [33,35,42].
However, this is not captured by the TBM with one particle-
hole excitation, since the attractive polaron always remains the
ground state at this level of truncation.

C. Short-time dynamics

We now turn to the limiting behavior of S(t) at short times
when t " τF . Away from resonance, the results presented in
the following furthermore require t ≪ 2mra

2 when |kF a| ≪
1. We start by formally Taylor-expanding the time-evolution
operator in Eq. (18), which yields

S(t) ≃1 − i⟨ψ0|δĤ |ψ0⟩t − 1
2
⟨ψ0|(δĤ )2|ψ0⟩t2, (26)

where δĤ = Ĥint − E0. From Eq. (22), we have

S(t) =
! ∞

−∞
dω e−iωtA(ω).

Thus, we see that the first term in Eq. (26) yields the usual
sum rule for the spectral function:

! ∞

−∞
dω A(ω) = 1. (27)

For the second term, using the two-channel Hamiltonian (4),
we simply obtain

⟨ψ0|δĤ |ψ0⟩ = g⟨FS|ĉ0↑
"

q

d̂†
qf̂q|FS⟩ = 0. (28)

Thus, the leading-order behavior of S(t) is determined by the
last term

⟨ψ0|(δĤ )2|ψ0⟩ = g2
"

|q|<kF

= g2k3
F

6π2
, (29)
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Radio-frequency spectroscopy
• RF pulse applied to 39K BEC to produce small population of 

state |2> in |1> BEC:

N. Jørgensen, …, MMP, J. Levinsen et al., Phys. Rev. Lett. 117, 055302 (2016)  



Observation of a Bose polaron
• Spectral response:
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Strong coupling to Efimov states?

• Size of Efimov trimer must be comparable to 
boson interparticle spacing n1/3

0 |a�| ⇡ 1

• Equal mass case:  

Thus, we expect                        in Aarhus experiment!

|a�| & 2000|r0|

n1/3
0 |a�| ⇡ 100

N. Jørgensen et al., PRL 117, 055302 (2016)  

J. Levinsen, MMP & G. Bruun, PRL 115, 125302 (2015)



FIG. 1. Spectral function I(!) of a 6
Li atom immersed in a BEC of

133
Cs atoms, calculated by TBM with (a) one Bogolliubov

and (b) two Bogolliubov exicitations. n1/3aB = 0.05, na(1)
� = �1.0, ,Nk = 80, Nx = 8, � = 0.7.

Coherent dynamics of the Bose polaron

Shimpei Endo,
⇤
Meera M. Parish,

†
and Jesper Levinsen

‡

School of Physics and Astronomy, Monash University, Victoria 3800, Australia.
(Dated: August 16, 2017)

Let’s make polaron physics great again! Sure, yes we can.

I. LIST OF TASKS

• Spectrum and Ramsey response S(t)

• Check experimental parameters, e.g., spectral

broadening, trap inhomogeneity

• Out-of-time-order correlation functions? E.g., spin

echo? Need to be careful with definition

• Determine energy, e↵ective mass, residue, dressing

cloud (should we ignore abb?)

• Impact of Efimov physics

• Estimate 3-body loss rate?

II. LIST OF REFERENCES

Bose polaron Experiments by Aarhus [1], JILA [2]

Fermi polaron by MIT [3]

Fermi polaron: Innsbruck KLi mixture in 2012 [4] and

in 2016 [5]

Kohl 2d Fermi polaron [6]

Chevy wave function for fermions [7, 8]

Demler group’s notorious paper [9]

QMC calculation by Giogini’s group for equal mass [10]

and mass imbalance [11]

JesperMeeraGeorg’s work on Bose polaron [12]

Efimov states

[b]
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Strong coupling to Efimov states?
• Light impurity offers better chance of observing 

Efimov states in Bose polaron 

• E.g., spectral function for 6Li atom in 133Cs BEC: 

1 Bogoliubov excitation 2 Bogoliubov excitations 

S. Endo, MMP & J. Levinsen, in prep. 

See, also, Sun, Zhai, & Xiaoling Cui, PRL 119, 013401 (2017)



A universal Bose polaron?

• Qu: is the ground-state energy universal? 
i.e., only dependent on boson density? 

• Unitary regime 

• Length scales in equal-mass case:

1/a ! 0

aB ⌧ |r0| ⌧ n�1/3 ⌧ |a�|

• Test using variational wave functions with up to 3 
Bogoliubov excitations:

Includes 4-body Efimov state



Ground-state energy at unitarity

Strongly dependent on Efimov length scale
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High-density limit at unitarity

• Perturbative expansion in inter-channel coupling g 
(or                    )1/n1/3|r0|

5

diction of a⇤/|a�| = ????e�⇡/s0 [39], we find that the first

excited state with a(1)⇤ /|a�| = 0.709 matches to X dig-
its. Thus, we conclude that our description of the Efimov
spectra of the 2+1 system can be accurately character-
ized by the universal Efimov theory, while it can be true
only for highly excited states for a system of 3 identical
bosons [48].

Further evidence of the universality of our few-body
results is found when comparing the ratio of our ground
state tetramer and trimer energies with recent quantum

Monte Carlo (QMC) [40] results: E(1)
4B,�/E� = 9.35 (this

work) compared with E(1)
4B,�/E� = ... (QMC) shuhei,

please fill this in. Importantly, the QMC calculation
considered a di↵erent model, using a hard-sphere boson-
boson interaction characterized by the scattering length
aB, and attractive square well interactions between the
impurity and the bosons. The range of the attractive
square well was taken to be much smaller than aB, and
thus the universality of the spectrum means that we can
relate the three-body parameter in the QMC calculation
to the Bose-Bose scattering length [49]:

a(QMC)

� ' �20900a(QMC)

B . (10)

The agreement between the results from the two di↵er-
ent models also illustrates that we do not need a four-
body parameter to fix the tetramer relative to the trimer,
in agreement with recent theoretical results for identi-
cal bosons [10, 27, 30] and for various heteronuclear sys-
tems [32–34].

We end this section by emphasizing that our observed
few-body universality is very di↵erent from the so-called
van der Waals universality [16]. This is precisely the
observation that the three-body parameter depends on
the details of the short-range physics, i.e., on the in-
teratomic interaction potential [17–20]. In the systems
where this has been observed, the ratio of the three-
body parameter a� to the van der Waals range rvdW
is rather small, e.g. for three identical bosons we have
|a�|/rvdW ⇡ 10 [16] and thus we generally do not ex-
pect the entire Efimov spectrum to match the universal
Efimov predictions.

a�/r0 a(1)
� /r0 mr20E� mr20E

(1)
�

2467 4.911⇥ 106 �1.62898⇥ 10�6 �4.130⇥ 10�13

a(1)
4B,�/r0 a(2)

4B,�/r0 mr20E
(1)
4B,� mr20E

(2)
4B,�

878.0 2325 �1.523⇥ 10�5 �1.6341(1)⇥ 10�6

TABLE I: Few-body data for the trimer (top) and tetramer
(bottom). I dont know why the table is so crammed, could
someone please figure out how to make some more space
around the numbers? shimpei: could you please fill in the
converged result from the 4-body calculation? Should we de-
fine all these numbers in Fig 1?

IV. POLARON ENERGY AT UNITARITY

We investigate the possibility of a “universal” Bose
polaron at resonance. Taking, for simplicity, the limit
aB ! 0, the possible regime of universality is |r0| ⌧
n�1/3
0 ⌧ |a�|.
Ignoring Efimov physics at unitarity, the only scale

left is the average particle spacing, and thus the polaron

energy scales as n2/3
0 /m, in complete analogy with the

Fermi polaron, which has energy Epol = �0.60EF on res-
onance [13], with EF the majority component Fermi en-
ergy. For the Bose polaron we find E = �(4⇡n0)2/3/m ⇡
5.4n2/3

0 /m with the variational approach which ignores
three-body correlations.
Aarhus experiment: n1/3|a�| ' 100
Low-density limit: E = � ⌘

m|r0|2 , where ⌘ ⌧ 1.

A. High-density limit

Narrow resonance o↵ers a controlled approach to the
Bose polaron across unitarity.
Self-energy up to second order in g:

⌃(E) ' ng2

E
+

ng4

E2

X

k

2

4 1

E � ✏k � Ek � ng2

E�✏dk�Ek

+
1

2✏k

3

5

(11)

In the regime of weak boson-boson interactions, where
|r0| � aB, we have ground-state polaron energy

E ' � 1

m

s
8⇡n

|r0|
+

1

m

r
3

7

✓
8⇡n

|r0|5

◆1/4

(12)

This demonstrates that the energy is well-defined and
bounded from below in this limit, even when the boson-
boson interactions are vanishingly small.

FIG. 2: Lowest order diagrams for the unitary ground-state
polaron in the high-density limit n1/3|r0| � 1. In the first (a)
and second (b) order terms for the polaron energy, the dashed
lines correspond to particles emitted or absorbed from the
condensate, while the blue solid line is the boson propagator,
the wavy lines represent closed-channel molecule propagators,
and the filled circles correspond to the inter-channel coupling
g. The black double line, defined in (c), represents the dressed
impurity to lowest order.

• Well-defined ground-state energy:

• Behaviour depends on microscopic details

Is there a universal function of                  at lower densities?n1/3|a�|

+=



Few-boson limit

S. Yoshida, S. Endo, J. Levinsen, & MMP, PRX 8, 011024 (2018) 

• Deepest bound Efimov states are universal
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Comparison with QMC

L. A. Peña Ardila & S. Giorgini, PRA 92, 033612 (2015)

IMPURITY IN A BOSE-EINSTEIN CONDENSATE: STUDY . . . PHYSICAL REVIEW A 92, 033612 (2015)

FIG. 11. (Color online) Energy of clusters with N + 1 particles
at the unitary point (a/b = 0) as a function of the number N of
bosons. Energies are in units of !2

2ma2 . The value at N = 1 refers to the
two-body binding energy. Inset: Same as the figure, but at a/b = 0.1.

The search for the ground state of clusters with N + 1
particles is carried out using the DMC method based on the
following trial wave function:

ψT (R) = exp(−βRH )
N!

i=1

fI (riα)
!

i<j

fB(rij ). (30)

The above wave function differs from that of Eq. (19),
used in simulations of homogeneous configurations, by the
exponential term, which depends on the hyper-radius of the
cluster

RH =

"##$(rα − rCM)2 +
N%

i=1

(ri − rCM)2, (31)

where rCM = 1
N+1 (rα +

&N
i=1 ri) is the coordinate of the

center of mass. The Jastrow correlation terms in Eq. (30)
are similar to those of Eqs. (20) and (23), respectively, for the
boson-boson fB and the impurity-boson fI function. Since
periodic boundary conditions are absent here, the length scale
L/2 in Eq. (20) is replaced by the large distance R̄L = 300a.
Moreover, the boundary condition on the derivative of fI

is relaxed with the choice fI (r) = B + Ce−αr , holding for
r > R̄, with the constants B and C determined in the same
way as in Eq. (23). Free parameters that are optimized using
a variational procedure are the matching point R̄ and the
coefficients α and β. In particular, the latter fixes the size
of the cluster in terms of its hyper-radius.

Calculations are performed in the reference frame where
rCM = 0, in order to eliminate the contribution from the center-
of-mass motion. Furthermore, we consider only the resonant
point where a/b = 0 and ϵb = 0 and the point a/b = 0.1 on the
positive side of the resonance where ϵb < 0. In Fig. 11 we show
the results for the ground-state energy of the cluster with N + 1
particles as a function of the number N of bosons. At unitarity
the two-body binding energy, corresponding to N = 1 in
Fig. 11, is identically 0, whereas the three-body Efimov state
(N = 2) is found to feature an extremely shallow ground-state
energy: |E2+1| ! 10−7 !2

2ma2 . This result is consistent with the

prediction E2+1 = − !2

mr2
0
4e−2π/s0 for the lowest Efimov state

in terms of the three-body length r0 and the Efimov parameter
s0 [39]. In the case of equal masses for the impurity and the
bosons, the value of s0 is very small, s0 = 0.4137, resulting in
E2+1 ∼ −10−6 !2

mr2
0
, which is of the same order as our estimate

if r0 ∼ a. For increasing N the cluster ground-state energy
decreases markedly up to N = 4, while clusters with N = 6
are undoubtedly unbound. These findings are compatible with
the results at a/b = 0.1 (see inset in Fig. 11), where the binding
energy appears not to decrease further already for N > 3.

It is important to stress that the largest size N of bound
clusters, as well as the precise value of their ground-state
energies, depends on the details of the interboson and impurity-
boson interactions. However, we believe that the qualitative
behavior emerging from our simulations should hold for
any short-range interaction with scattering length a and b,
respectively. In particular, we note that the polaron binding
energy shown in Fig. 1 is more than a factor of 103 higher than
the deepest cluster state at unitarity and remains higher also
at a/b = 0.1. A possible reason for the irrelevance of cluster
states at unitarity is the feature of equal masses for the impurity
and the bosons, which makes Efimov states extremely shallow.

IV. MANY IMPURITIES

Let us now analyze the case of a low concentration of
impurities immersed in a BEC at T = 0. For this problem the
statistics of the impurities is important and in the present study
we consider only impurities which obey Bose statistics. A
binary Bose-Fermi mixture with a low concentration of bosons
in a Fermi sea and featuring resonant Bose-Fermi interactions
has been investigated using QMC methods in Ref. [40].

A collection of M impurities immersed in a gas of N
particles is described by the Hamiltonian

H = − !2

2mB

N%

i=1

∇2
i +

%

i<j

VB(rij ) − !2

2mI

M%

α=1

∇2
α

+
%

α<β

VII (rαβ) +
N%

i=1

M%

α=1

VI (riα). (32)

The impurity-impurity potential is modeled by the same HS
interaction, including the same scattering length a, which
characterizes the coupling between the bosons of the bath:
VII (r) = VB(r). We also assume that the masses of the two
types of particles are the same (mI = mB), and the impurity-
boson interaction VI (r) is as described in Sec. II A.

The perturbation treatment of a binary mixture of Bose
condensates at T = 0 has been carried out in Ref. [41] using
an extension of the standard Bogoliubov approach. The result
for the ground-state energy in the low-concentration limit,
x = M/N ≪ 1, is obtained as

E0 = EB + Ngn

'(
b

a
+ 32

3
√

π

√
na3 b2

a2

)
x

+
(

1 + 64
3
√

π

√
na3 b2

a2

)
x 2

2

*
, (33)

033612-9

• Different model: boson-boson repulsion is described 
using hard-sphere potential, and |r0| ⌧ aB

• Efimov length scale is set by  aB
• Few-body bound states at unitarity:  

Tetramer/trimer energy ratio is consistent 
with that from our model
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FIG. 8. (Color online) Polaron binding energy at unitarity
(a/b = 0) in units of !2n2/3

m
as a function of the gas parameter of

the bath.

This result is shown in Fig. 7 together with the contact
extracted from the pair correlation function. Good agreement
is found along the attractive branch, whereas the two estimates
of C on the repulsive branch are compatible only in the
weak-coupling limit. The disagreement between the contact
parameter obtained from the equation of state and from the
pair correlation function indicates that our choice of the trial
wave function does not provide a fully satisfactory description
of the repulsive polaron in the region where b/a becomes very
high.

E. Resonant interaction

In this section we focus on the properties of the Bose
polaron when the interaction between the impurity and the
bath is resonant, i.e., a/b = 0. In Fig. 8 we show the binding
energy of the polaron calculated at resonance as a function of
the gas parameter of the bath. The results show that µ scales
with the energy !2n2/3

m
and that, once expressed in these units,

it depends weakly on the gas parameter over many orders of

FIG. 9. (Color online) Effective mass of the polaron at unitarity
(a/b = 0) as a function of the gas parameter of the bath.

FIG. 10. (Color online) Density profile of the bath surrounding
the impurity at unitarity (a/b = 0) for three values of the gas
parameter. Inset: Contact parameter C at unitarity as a function of
(na3)1/3.

magnitude. As na3 decreases, the value of µ also decreases,
reaching µ ≃ −9 !2n2/3

m
at the very low density na3 = 3×10−8.

We cannot establish whether the binding energy continues to
decrease for even lower densities, signaling the instability
of the noninteracting gas in the presence of an impurity
with attractive interaction, or reaches a constant value, in
agreement with the findings of the field-theoretical calculation
in Ref. [27]. Remarkably, the binding energy of a Fermi
polaron resonantly interacting with the bath is given by
µ = −4.4 !2n2/3

m
, where n is here the density of the Fermi

sea [38] and differs by a factor of ∼2 compared to the results
in Fig. 8 for the smallest values of na3.

The effective mass as a function of the gas parameter is
shown in Fig. 9. Also in this case we find a small variation of
m∗/m following a change of na3 over orders of magnitude.
The largest effective mass, m∗/m ≃ 1.7, is achieved at the
lowest densities of the bath.

In Fig. 10 we show the density profile of the bath
surrounding the impurity obtained using the pair correlation
function gI and Eq. (27). The behavior is qualitatively similar
to that reported in Fig. 6 and corresponding to b/a = −30
along the attractive polaron branch. By decreasing the value
of the bath gas parameter we find that the density peak around
the impurity sharpens and the size of the deformation in units
of the healing length shrinks. Finally, in the inset in Fig. 10, we
show the value of the contact parameter C, determined from
the short-range behavior of the pair correlation function, for
different values of (na3)1/3. Also for this quantity we observe
a weak dependence on the value of the bath gas parameter.

III. FEW-BODY PHYSICS

In this section we consider the problem of the existence
of bound states in vacuum consisting of the impurity and a
number N of bosons. Of course, such bound states can only
occur in the case of the SW model for the impurity-boson
potential. This potential supports a two-body molecular state
having energy ϵb, given by Eq. (6), for all positive values of
the interspecies scattering length b.

033612-8

Comparison with QMC

L. A. Peña Ardila & S. Giorgini, PRA 94, 063640 (2016)

• Ground-state energy at unitarity:  

boson-boson scattering length 

L. A. Peña Ardila & S. Giorgini, PRA 92, 033612 (2015)



Universal equation of state

1 excitation
2 excitations
3 excitations
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S. Yoshida, S. Endo, J. Levinsen, & MMP, PRX 8, 011024 (2018) 



Infinite impurity mass

• No Efimov effect in this limit

All bosons occupy bound state once a > 0

• Zero-range potential + N non-interacting bosons:

Simpler problem?

However…  what about a Feshbach resonance?

Epol = �N"B



Infinite impurity mass

Z.-Y. Shi, S. Yoshida, MMP & J. Levinsen, PRL 121, 243401 (2018)

• Anderson impurity model with bosons:

Epol =

✓
�N +

N(N � 1)⇡

log a

◆
"B

• Polaron energy for N bosons near unitarity:

Ĥ =
X

k

✏kb
†
kbk + ⌫0d

†
d+ g

X

k

⇣
d
†
bk + b

†
kd

⌘
+
U

2
d†d†dd, U ! +1

   b

g

- Only one boson can occupy closed channel

• 2 bosons + impurity can be solved exactly analytically



Infinite impurity mass

|r0|
a

E

0

0 .31821 . . .

Dimer
Trimer

Z.-Y. Shi, S. Yoshida, MMP & J. Levinsen, PRL 121, 243401 (2018)



Infinite impurity mass

|r0|
a

E
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Dimer
Trimer
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Infinite impurity mass

|r0|
a

E

0

0 .31821 . . .

Emin ' � 0 .038984
mr20

Dimer
Trimer

Tetramer

M
any-body

lim
it

Pentamer, Hexamer. . .

• Two multi-body resonance points 
• Ground-state energy is bounded from below

Z.-Y. Shi, S. Yoshida, MMP & J. Levinsen, PRL 121, 243401 (2018)



Concluding remarks

• For mobile impurity, the ground state is strongly 
dependent on the Efimov length scale 

• However, ground-state energy is a universal function 
of dimensionless Efimov length scale 

• Novel multi-body resonances when impurity is fixed  
• Observable for heavy impurities? 

• Outlook: other systems?  
e.g., excitons, polaritons
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Fermi polaron-polaritons in charge-tunable
atomically thin semiconductors
Meinrad Sidler1*, Patrick Back1, Ovidiu Cotlet1, Ajit Srivastava2, Thomas Fink1, Martin Kroner1,
Eugene Demler3 and Atac Imamoglu1*
The dynamics of a mobile quantum impurity in a degenerate
Fermi system is a fundamental problem in many-body physics.
The interest in this field has been renewed due to recent
ground-breaking experiments with ultracold Fermi gases1–5.
Optical creation of an exciton or a polariton in a two-
dimensional electronsystemembedded inamicrocavity consti-
tutes a new frontier for this field due to an interplay between
cavity coupling favouring ultralow-mass polariton formation6

and exciton–electron interactions leading to polaron or trion
formation7,8. Here, we present cavity spectroscopy of gate-
tunable monolayer MoSe2 (ref. 9) exhibiting strongly bound
trion and polaron resonances, as well as non-perturbative
coupling to a single microcavity mode10,11. As the electron
density is increased, the oscillator strength determined from
the polariton splitting is gradually transferred from the
higher-energy repulsive exciton-polaron resonance to the
lower-energy attractive exciton-polaron state. Simultaneous
observation of polariton formation in both attractive and
repulsive branches indicates a new regime of polaron physics
where the polariton impurity mass can be much smaller than
that of the electrons. Our findings shed new light on optical
response of semiconductors in the presence of free carriers by
identifying the Fermi polaron nature of excitonic resonances
and constitute a first step in investigation of a new class of
degenerate Bose–Fermi mixtures12,13.

Transition metal dichalcogenide (TMD) monolayers represent
a new class of two-dimensional (2D) semiconductors exhibiting
features such as strong Coulomb interactions14, locking of spin and
valley degrees of freedomdue to large spin–orbit coupling9 and finite
electron/exciton Berry curvature with novel transport and optical
signatures15,16. Unlike quantumwells or 2D electron systems (2DES)
in III–V semiconductors, TMD monolayers exhibit an ultralarge
exciton binding energy Eexc of order 0.5 eV (ref. 14) and strong
trion peaks in photoluminescence (PL) that are redshifted from
the exciton line by ET ⇠30meV (refs 9,17). These features provide
a unique opportunity to investigate many-body physics associated
with trion18 formation as well as coupling of excitons to a 2DES19
and to cavity photons20,21, provided that the experimental set-up
allows for varying the electron density ne and light–matter coupling
strength gc.

Here, we carry out an investigation of Fermi polarons1 in a
charge-tunableMoSe2 monolayer embedded in an openmicrocavity
structure (Fig. 1a,b). Since Eexc is much larger than all other relevant
energy scales, such as the normal mode splitting (2gc), ET and
the Fermi energy (EF), an optically generated exciton in a TMD
monolayer can be considered as a robust mobile bosonic impurity

embedded in a fermionic reservoir (Fig. 1c). The Hamiltonian
describing the system is

H =!cc†
0 c0 +

X

k

!X (k)x†
k xk +gc(c†

0x0 +h.c.)

+
X

k

✏ke†
kek +

X

k,k0 ,q

Vq(x†
k+qe

†
k0�qek0xk +h.c.) (1)

where the first line describes the coupling of 2D excitons, described
by the exciton annihilation operator xk to a 0D cavity mode
c0 whose resonance frequency !c can be tuned by applying a
voltage (up) to a piezoelectric actuator that changes the cavity
length. This part of the Hamiltonian corresponds to the elementary
building block of the recent ground-breaking experiments based
on coupled 0D-polariton systems22. The second line of the
Hamiltonian describes the Feshbach-like physics associatedwith the
bound-molecular (trion) channel and the corresponding e�ective
interactions between the excitons and the electrons1. This simplified
description is valid in the low ne limit where the inter-electron
separation is much larger than the exciton Bohr radius aB and
consequently the exciton can be treated as a rigid impurity in a
2DES.We note that a similar approach was recently used to describe
optical excitations in modulation doped II–VI semiconductor
quantum wells23,24. To take into account the exciton energy blueshift
(�(EF)) due to the combined e�ects of phase space filling, screening
and bandgap renormalization, we choose the exciton dispersion as
!X (k) = �Eexc + �(EF) + k2/2mexc, where �(EF) = �EF and � is a
fitting parameter (see Supplementary Information).We remark that
the key polaronic features we explore here are independent of �(EF).

The Fermi polaron problem describes the screening of a
mobile impurity via generation of particle–hole pairs across the
Fermi surface (Fig. 1c). When the impurity is a fermion with
di�erent spin, this problem corresponds to the highly polarized
limit of a strongly interacting Fermi system1. The corresponding
systems exhibit a wealth of complex phenomena, such as the
elusive Fulde–Ferrell–Larkin–Ovchinnikov pairing mechanism,
the Chandrasekhar–Clogston limit of BCS superconductivity and
itinerant ferromagnetism25. While the cavity spectroscopy we
implement to study the exciton–2DES problem in the weak-
coupling regime is analogous to the radiofrequency spectroscopy of
impurities in degenerate Fermi gases2, the strong-coupling regime of
the TMD-monolayer–microcavity system represents a new frontier
for quantum impurity physics. More specifically, since the exciton-
polariton dispersion can be tuned by changing !c(up)�Eexc to yield
an e�ective polariton mass that is (up to) four orders of magnitude
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