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Outlook

1. Dimers and cluster for dipolar gases 

2. Blockade radius and Luttinger liquid of 
“loners” (for attractive dipolar gases) 

3. Quasi-many body localisation 
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Two-Body properties 

Lattice Hamiltonians show peculiar bound states  
[D. C. Mattis, RMP 58, 361 (1986)] 

- both attractive and repulsive bound state possible (finite 
bandwidth) 

- bound state energy depends on c.o.m momentum (not in a 
trivial way due to not separability)    

Es
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FIG. 2: Atom pair states in 1D. (a) Energy spectrum of the 1D Hamiltonian for U/J = 5 (V0 ≈ 4Er) as a function of centre of mass quasi-
momentum K. The Bloch band for repulsively bound pairs is located above the continuum of unbound states. The grey level for the shading
of the continuum is proportional to the density of states. (b) The pair wavefunction ψ0(r), showing the amplitude at each site with U/J = 30
(V0 ≈ 10Er , narrow bars) and U/J = 3 (V0 ≈ 3Er , wide bars). (c) The square modulus of the corresponding momentum space wavefunctions
|ψ̃0(k)|2, which are equivalent to the single particle momentum distributions, since K = 0. Note the characteristic peaks at the edge of the
Brillouin zone.

bound pairs at the chosen lattice depth. We then turn off the
lattice rapidly enough so that the pair wavefunction cannot
change, but slowly with respect to the bandgap, so that single-
particle quasi-momenta are mapped to real momenta[25, 26].
We have typically employed linear ramps with rates of 0.2
Er/µs. The resulting momentum distribution is converted to
a spatial distribution after ∼ 15 ms time of flight.

Figure 3 (a-c) shows typical measured quasi-momentum
distributions which were obtained after adiabatically lowering
the lattice depth in the X - direction to lowest lattice depths
below 3Er. If only empty sites and sites with single atoms
are present in the lattice, then the first Brillouin zone is ho-
mogenously filled[25] (Fig. 3 a). For repulsively bound pairs
the momentum distribution is, in general, peaked at the edges
of the first Brillouin zone (Fig. 3 b), whereas for attractively
bound pairs it is peaked in the center of the first Brillouin zone
(Fig. 3 c). In order to change the interaction between the
atoms from repulsive to attractive, we change the scattering
length making use of the Feshbach resonance[21] at 1007.40
G. Figures 3 d and e show the dependence on lattice depth
V0 of the single particle quasi-momentum distribution for re-
pulsively bound pairs from experiment and numerical simu-
lation, respectively. As expected, the peak structure is more
pronounced for lower values of V0, and diminishes for larger
V0. This characteristic is a clear signature of the pair wave-
function for repulsively bound pairs.

We also performed spectroscopic measurements, determin-
ing the binding energy from dissociation of the pairs by mod-
ulating the depth of the lattice at a chosen frequency. On res-
onance, the modulation allows pairs to release their binding
energy. Figure 4 a shows the number of remaining pairs as a
function of the modulation frequency. This was repeated for a
variety of lattice depths V0 in one direction while keeping the
lattice in the other two directions at 35Er. The behaviour of
the binding energy as a function of the lattice depth provides
an additional key signature of repulsively bound pairs. As
shown in Fig. 4b, the resonance positions are in good agree-
ment with numerical simulations and essentially coincide with
interaction energy, U .

It is important to note that for sufficiently large U/J, repul-

FIG. 3: Quasi-momentum distribution of atoms in the lattice. Im-
ages (a) - (c) show absorption images of the atomic distribution after
release from the 3D lattice and a subsequent 15ms time of flight. The
horizontal and vertical black lines enclose the first Brillouin zone. (a)
Distribution when lattice sites are occupied by single atoms. (b) Dis-
tribution for repulsively bound atom pairs (see text for details). (c)
Same as (b) but pairs are attractively bound. Panels (d) [experiment]
and (e) [numerical calculation] depict the quasi-momentum distribu-
tion for pairs in the X-direction as a function of lattice depth V0, after
integration over the Y -direction.

sively bound pairs are stable under collisions with each other.
This is particularly evident in the limit U >> J where, by
energy arguments, the elastic scattering between pairs is the
only open channel. This means that even a relatively dense
quantum lattice gas of these objects can be long-lived. When
the lattice height is lowered so that U/J becomes sufficiently
small, it is possible for a certain fraction of the pairs to dis-
sociate by collision with other pairs. In our experiments, we
observe the onset of this behaviour for lattice depths lower
than 6 Er, i.e., U/J ∼ 9. The dynamics of the collisions and
details of the decay depend crucially on lattice depth and the
local density of pairs across the lattice. Further details of these
processes will be discussed elsewhere.

In conclusion, we have demonstrated the formation of a
novel composite object in an optical lattice: a stable bound
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sively bound pairs are stable under collisions with each other.
This is particularly evident in the limit U >> J where, by
energy arguments, the elastic scattering between pairs is the
only open channel. This means that even a relatively dense
quantum lattice gas of these objects can be long-lived. When
the lattice height is lowered so that U/J becomes sufficiently
small, it is possible for a certain fraction of the pairs to dis-
sociate by collision with other pairs. In our experiments, we
observe the onset of this behaviour for lattice depths lower
than 6 Er, i.e., U/J ∼ 9. The dynamics of the collisions and
details of the decay depend crucially on lattice depth and the
local density of pairs across the lattice. Further details of these
processes will be discussed elsewhere.

In conclusion, we have demonstrated the formation of a
novel composite object in an optical lattice: a stable bound

[Winkler et al. (IBK), Nature 441, 853 (2006)]
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Bound pairs for dipolar Hubbard (ex: U=0, V=-100J)
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FIG. 2: (Color online) (a) Energy spectrum as a function of
the center-of-mass quasi-momentum K for two particles in 40
sites for U = 0 and V = �100J ; density of the bound-states
as a function of the relative coordinate r for the three bound
states at K = 0, as marked by the blue circles in Fig. (a), at
energies E/J ⇡ �5 (b), �13 (c) and �100 (d).

interactions and DDI, and V/r3 is the strength of the DDI
between sites placed r � 1 sites apart. Note that J , U
and V may be independently controlled basically at will
by modifying the lattice depth, the transversal confine-
ment [29], using Feshbach resonances, and/or controlling
the orientation and strength of the polarizing field.

Bound pairs.– We revisit first the concept of bound
pairs in non-polar gases (V = 0). Doubly-occupied sites
are characterized by an interaction energy U . If |U | � J ,
pair breaking by single particle hopping is out of res-
onance and energy conservation maintains on-site pairs
irrespective of the sign of U [30]. For U > 0 those pairs,
also called repulsively-bound pairs [27], are hence dynam-
ically bound. Conversely, two initially separated particles
cannot be brought to the same site, i.e. singlons experi-
ence an e↵ective hard-core repulsion [31]. However, sin-
glons may resonantly move through on-site bound pairs
even in 1D since a single-particle hopping swaps the dou-
blon and singlon positions (21 ! 12) [32, 33].

The long-range DDI allows for the formation of
dynamically-bound inter-site pairs [34]. Figure 2(a) de-
picts a typical two-particle spectrum, for U = 0 and
V = �100J . For each center-of-mass quasi-momentum
K 2 [�⇡,⇡], the spectrum presents a continuum of scat-
tering states and a discrete set of isolated inter-site bound
states (BSs) [35], which as for on-site bound pairs in
non-polar gases, are maintained by energy conservation,
irrespective of the sign of V . Figures 2(b-d) show the
probability of finding two particles r sites apart for the
BSs at K = 0. For binding energies close to the con-
tinuum, the relative position of the pair delocalizes over
many sites (Fig. 2(b)). These delocalized BSs are for
any practical purposes indistinguishable from the scat-
tering states. Instead, as shown in Fig. 2(c-d), deeper

BSs are characterized by a well defined relative distance
r. Below we restrict the term bound pair (BP) only to
deeply-bound states at fixed distances r  r

c

, where the
critical r

c

is defined as the largest r satisfying the condi-
tion f(r) = 2(J/V )2/(r�3 � (r + 1)�3)2 ⌧ 1 [37]. Note
that even if U = 0, the inter-site DDI stabilizes an on-site
BP that is buried within the scattering states in Fig. 2(a).
On-site and NN BPs demand |V � U | � J to avoid res-
onances between on-site and inter-site interactions.
Bound clusters.– On-site interactions may bind more

than two particles in on-site BCs. However, on-site BCs
are unstable against three-body losses and play a relevant
role only at relatively large lattice fillings [38]. Polar lat-
tice gases allow for the formation of inter-site BCs of more
than two particles, each particle being within a distance
r  r

c

of at least another particle of the cluster. Several
important points must be noted. First, although sites
with more than one particle may be involved, inter-site
BCs are typically formed by singly-occupied sites, and
hence these clusters are in general stable against three-
body losses. Second, whereas on-site BPs are obviously
precluded for polarized Fermi gases, inter-site BPs and
BCs are possible even in that case. Third, in contrast
to on-site BCs, inter-site BCs may present internal res-
onances, e.g. an initial cluster 1101 may remain bound,
but resonates with 1011. BCs are a general feature of
out-of-equilibrium polar lattice gases in any dimension
even at low fillings, as long as the DDI is large enough.
In particular, massive BCs of a size comparable to the
whole system may be formed if the mean-interparticle
distance R < r

c

. A particular example of massive BC
is provided by an initially prepared state with particles
at regular distances r

in

 r
c

. The absence of dissipation
maintains this dynamically-bound crystal (Fig.3(a)).
Blockade repulsion.– The formation of inter-site BPs

has as a counterpart a vanishing probability of finding the
particles at a distance r  r

c

in loose inter-site BSs and
scattering states (r

c

= 2 for Fig. 2(b) [37]). The presence
of this exclusion region leads hence to an e↵ective BR be-
tween particles initially at a distance r

in

> r
c

. This BR
becomes evident when monitoring the density-density
correlation g2(t, r) = hn

i

(t)n
i+r

(t)i/(hn
i

(t)ihn
i+r

(t)i). If
r
in

> r
c

at t = 0, the subsequent dynamics shows BR,
i.e. g2(t > 0, r  r

c

) = 0, as discussed below.
Repulsive gas for attractive DDI.– Combining BR

with a proper initial-state preparation allows for the cre-
ation of a repulsive 1D gas for attractive DDI. Such a
gas may be readily realized experimentally by placing
the particles initially at the minima of a superlattice with
period r

in

> r
c

and subsequently removing the superlat-
tice; sites with more than two particles may be eliminated
by using resonant light [39]. Under these conditions no
BP or BC is present, and as a result the system forms
a singlon gas with an e↵ective BR of radius r

c

. Fig-
ures 3(b) and (c) show our results, obtained by means of
time-dependent density-matrix renormalization group (t-

…and symmetrically for V>0 

The effective mass of the dimer scales like        for large VJ2/V
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FIG. 2: Bound state wavefunctions ψK=0 in the relative co-
ordinates r and relative quasi-momentum k, for U = 8J and
V = 12J . The central panel corresponds to an antisymmetric
wavefunction, hence to a fermionic state; the right and left
panels instead describe the symmetric bosonic states.

It is worth looking a bit more in detail into the struc-
ture of the bound states spectrum as shown in Fig.?? for
different values of U and V . First of all, it is important to
point out that in the case of on-site or nearest-neighbor
interaction only, the repulsively bound state is one and
well defined over the whole Brillouin zone for any small
value of U or V , respectively. Instead in the presence
of both on-site and nearest-neighbor interactions, there
exist a region of U and V where the lower repulsively
bound state is well defined at the Brillouin zone bound-
ary |K| ≈ KB, but enters the continuum close to the
band center |K| ≈ 0. This is an effect of the very strong
hybridization between the two even bound states. More
details are discussed in the Appendix (see Figs.14 and
15.

A second important regime appears when U = V . We
refer to this situation as resonant regime. Under this
condition, the gap at the zone boundary ∆K=KB

= |U −
V | closes and of course the identification of the U and
V -bands is not possible anymore. In Sects.II A and IV,
we will study the resonant regime and its implications in
much detail.
A third important feature happens when V > U . In

that case the U -band undergoes a curvature inversion and
has positive effective mass at the brillouin zone center.
One has an effectively attractive repulsive bound pair.
The effective attraction is provided by the even stronger
nearest neighbor interaction which tends to confine the
two atoms on the same lattice well. This appears clearly
in the wavefunction shown in Fig.2(left), where the π-
character of the bound state has desappeared and has
been instead taken by the V -bound state at higher energy
(right).
As a consequence of this very strong hybridization be-

tween the two bound states, the picture based on sec-
ond order tunneling which provides a full bandwidth of
8J2/U (expected for V = 0) and to 12J2/V (expected for
V = 0) CHECK!!!! respectively fails to hold as soon as
the two types of interactions are simulataneously present.
As mentioned above, not only the bandwidth is changed
but also the curvature, namely the sign of the effective
mass at k = 0. Instead in the limit U → ∞, one recovers
the well-known analytical limit for hardcore bosons and
fermions, which predicts a full bandwidth for the V -band
of 4J2/V [? ], but a negative effective mass CHECK
EVERYTHING AGAIN!!! and write better....

A. Resonant case U = V

As we have discussed above, the mobility of the bound
state is very strongly affected by the interplay of U and V .
The case U = V , where the on-site and nearest-neighbors
interaction equal each other, is very special since it allows
a resonant motion of the bound state mediated by single
particle hopping, as shown in Fig.3. The bound state
can move in space at no energy cost, by moving into the
bound state subspace given by those states where the two
atoms are either at the same site or at neighboring sites.

X
cm

=0|20>

J
eff

X
cm

=d/2|11>

J
eff

X
cm

=d|02>

FIG. 3: Sketch of the motion of the doblon induced by single-
particle tunneling in the resonant case U = V .

By observing the processes sketched in Fig.3, one can

Some more examples (n=1: 2+1 bound states)

U=8J=2V

U=8J=V 
resonant condition 

00200->00110->00020

U=8J=2V/3 
attractive 

repulsive BP

[Resonant case EHM: S. Longhi, PRB 86, 075144 (2012)] 
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FIG. 2: Bound state wavefunctions ψK=0 in the relative co-
ordinates r and relative quasi-momentum k, for U = 8J and
V = 12J . The central panel corresponds to an antisymmetric
wavefunction, hence to a fermionic state; the right and left
panels instead describe the symmetric bosonic states.

It is worth looking a bit more in detail into the struc-
ture of the bound states spectrum as shown in Fig.?? for
different values of U and V . First of all, it is important to
point out that in the case of on-site or nearest-neighbor
interaction only, the repulsively bound state is one and
well defined over the whole Brillouin zone for any small
value of U or V , respectively. Instead in the presence
of both on-site and nearest-neighbor interactions, there
exist a region of U and V where the lower repulsively
bound state is well defined at the Brillouin zone bound-
ary |K| ≈ KB, but enters the continuum close to the
band center |K| ≈ 0. This is an effect of the very strong
hybridization between the two even bound states. More
details are discussed in the Appendix (see Figs.14 and
15.

A second important regime appears when U = V . We
refer to this situation as resonant regime. Under this
condition, the gap at the zone boundary ∆K=KB

= |U −
V | closes and of course the identification of the U and
V -bands is not possible anymore. In Sects.II A and IV,
we will study the resonant regime and its implications in
much detail.
A third important feature happens when V > U . In

that case the U -band undergoes a curvature inversion and
has positive effective mass at the brillouin zone center.
One has an effectively attractive repulsive bound pair.
The effective attraction is provided by the even stronger
nearest neighbor interaction which tends to confine the
two atoms on the same lattice well. This appears clearly
in the wavefunction shown in Fig.2(left), where the π-
character of the bound state has desappeared and has
been instead taken by the V -bound state at higher energy
(right).
As a consequence of this very strong hybridization be-

tween the two bound states, the picture based on sec-
ond order tunneling which provides a full bandwidth of
8J2/U (expected for V = 0) and to 12J2/V (expected for
V = 0) CHECK!!!! respectively fails to hold as soon as
the two types of interactions are simulataneously present.
As mentioned above, not only the bandwidth is changed
but also the curvature, namely the sign of the effective
mass at k = 0. Instead in the limit U → ∞, one recovers
the well-known analytical limit for hardcore bosons and
fermions, which predicts a full bandwidth for the V -band
of 4J2/V [? ], but a negative effective mass CHECK
EVERYTHING AGAIN!!! and write better....

A. Resonant case U = V

As we have discussed above, the mobility of the bound
state is very strongly affected by the interplay of U and V .
The case U = V , where the on-site and nearest-neighbors
interaction equal each other, is very special since it allows
a resonant motion of the bound state mediated by single
particle hopping, as shown in Fig.3. The bound state
can move in space at no energy cost, by moving into the
bound state subspace given by those states where the two
atoms are either at the same site or at neighboring sites.
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FIG. 3: Sketch of the motion of the doblon induced by single-
particle tunneling in the resonant case U = V .

By observing the processes sketched in Fig.3, one can
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FIG. 4: (Color online) Inhomogeneity �N(t) as a function
of ⌦t for V = �100J , for (nD, nS , L) = (2, 2, 20) (dashed
blue) and (3, 3, 27) (solid red). The results are obtained by
exact diagonalization averaging over 50 and 25 random ini-
tial conditions, respectively. The shaded region indicates ap-
proximately the region of fast decay due to quasi-resonances.
We depict for comparison the results for (3, 3, 27) for V =
�10J (dotted pink). The inset shows the IPR for (3, 3, 27)
for V = �100J (solid red) and V = �10J (dotted pink).

induce S localization. For finite J/|V | ⌧ 1, the motion
of D’s changes the energy of the S gas. If this energy
change, �E � J

D

,⌦, the motion of D’s is hindered.
Note however, that limited quasi-resonant D mobility,
involving �E < J

D

,⌦, remains possible. These quasi-
resonances lead to partial D di↵usion at times ⇠ 1/⌦.

We have performed exact diagonalization calculations
with periodic boundary conditions (PBC) of the many-
body state | (t)i for small systems (n

D

, n
S

, L) of n
D

D’s, n
s

S’s and L lattice sites, corresponding to L
eff

=
L � 3n

D

� 2n
S

e↵ective sites of model (2). We aver-
age over various initial random distributions of D’s and
S’s at fixed positions in the e↵ective lattice. Figure 4
shows for ⌦/J = 0.013 (V = �100J) the dynamics of

the inhomogeneity of D’s, �N ⌘ 1
L

eff

P
L

eff

j=1 |h (t)|N̂
j

�
N̂

j+1| (t)i|2 (with N̂
j

⌘ D̂†
j

D̂
j

) [9]. Perfect homogene-
ity means �N = 0. In Fig. 4 we depict for compari-
son the numerical results for ⌦/J = 0.13 [43]. Whereas

for ⌦/J = 0.13, D’s di↵use within a time scale 1/⌦, for
⌦/J = 0.013 quasi-resonances allow only a fraction of D’s
to delocalize in this time scale (shaded region in Fig. 4)
and a much slower dynamics follows. This slow dynamics
is characteristic of systems with PBC due the collective
motion of all D’s. Consistent with this, the time scale
of the slow D dynamics for the (n

D

, n
S

, L) = (3, 3, 27)
case is approximately 10 times longer than the one for
(2, 2, 20) [44]. We hence expect an exponentially diverg-
ing time scale for the slow-dynamics for a growing num-
ber of dimers.

We may expand | (t)i =
P

n

max

⌫=1  (⌫, t)|⌫i, where ⌫
denotes each one of the n

max

=
�

L

eff

n

D

+n

S

��
n

D

+n

S

n

S

�
many-

body Fock states, characterized by a particular S (D)
occupation n

j

(N
j

) per e↵ective site. MBL may be vi-
sualized as localization in this many-body space. The
latter is best quantified by the inverse participation ra-

tio (IPR), ⌘(t) ⌘ 1
n

max

⇥P
⌫

| (⌫; t)|4
⇤�1

; a fully delo-
calized (localized) state presents ⌘ ⇠ 1 (⇠ 1/n

max

).
Whereas for ⌦/J = 0.13 ⌘(t) becomes comparable to 1
at ⌦t < 10, for ⌦/J = 0.013 ⌘(t) remains very small even
for ⌦t � 1 (inset of Fig. 4), showing the appearance of
quasi-localization in the many-body space.

Experimental feasibility.– The previous scenarios
may be realized with polar molecules in OLs under
current experimental conditions. We consider illustra-
tively the case of NaK, which presents a maximal elec-
tric dipole of 2.4 Debye in its lowest ro-vibrational level.
We consider a more realistic scenario of partial polar-
ized molecules with 1 Debye. For a typical lattice spac-
ing of 532nm, V/h ' 1kHz. Assuming a lattice depth
of 18E

rec

, with E
rec

/h ' 2.75 kHz the recoil energy,
J/h ' 10Hz= |V |/100, and hence 1/⌦ ⇠ 1s. As shown
in Fig. 4 the slow dimer dynamics may be, even for small
systems, over 100 times larger, hence stretching beyond a
minute, which is the typical maximal life time in experi-
ments. Localization may be explored either in expansion
experiments, or by in-situ site-resolved measurements.
Moreover, the formation of a repulsive 1D gas with at-
tractive DDI may be readily monitored since tightening
an overall harmonic trap may result in the formation of
an incompressible crystalline core that could be revealed
by measuring the saturation of the mean radius of the
sample and/or by site-resolved measurements. Further-
more, BR prevents two or more molecules to gather at
the same site, hence preventing any losses induced by
chemical recombination in spite of attractive DDI.

Summary.– The absence of dissipation leads to rich
out-of-equilibrium dynamics in polar lattice gases charac-
terized by the formation of inter-site bound clusters and
blockade repulsion even for attractive DDI. The combi-
nation of these e↵ects with the control possibilities of
ultra-cold gases may allow the realization of e↵ective
super-repulsive 1D gases with attractive DDI, the cre-
ation of dynamically-bound crystals, and most interest-
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of ⌦t for V = �100J , for (nD, nS , L) = (2, 2, 20) (dashed
blue) and (3, 3, 27) (solid red). The results are obtained by
exact diagonalization averaging over 50 and 25 random ini-
tial conditions, respectively. The shaded region indicates ap-
proximately the region of fast decay due to quasi-resonances.
We depict for comparison the results for (3, 3, 27) for V =
�10J (dotted pink). The inset shows the IPR for (3, 3, 27)
for V = �100J (solid red) and V = �10J (dotted pink).

change, �E � J
D

,⌦, the motion of D’s is hindered.
Note however, that limited quasi-resonant D mobility,
involving �E < J

D

,⌦, remains possible. These quasi-
resonances lead to partial D di↵usion at times ⇠ 1/⌦.

We have performed exact diagonalization calculations
with periodic boundary conditions (PBC) of the many-
body state | (t)i for small systems (n

D

, n
S

, L) of n
D

D’s, n
s

S’s and L lattice sites, corresponding to L
eff

=
L � 3n

D

� 2n
S

e↵ective sites of model (2). We aver-
age over various initial random distributions of D’s and
S’s at fixed positions in the e↵ective lattice. Figure 4
shows for ⌦/J = 0.013 (V = �100J) the dynamics of
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) [9]. Perfect homogene-
ity means �N = 0. In Fig. 4 we depict for compari-
son the numerical results for ⌦/J = 0.13 [43]. Whereas

for ⌦/J = 0.13, D’s di↵use within a time scale 1/⌦, for
⌦/J = 0.013 quasi-resonances allow only a fraction of D’s
to delocalize in this time scale (shaded region in Fig. 4)
and a much slower dynamics follows. This slow dynamics
is characteristic of systems with PBC due the collective
motion of all D’s. Consistent with this, the time scale
of the slow D dynamics for the (n

D

, n
S

, L) = (3, 3, 27)
case is approximately 10 times longer than the one for
(2, 2, 20) [44]. We hence expect an exponentially diverg-
ing time scale for the slow-dynamics for a growing num-
ber of dimers.

We may expand | (t)i =
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denotes each one of the n
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body Fock states, characterized by a particular S (D)
occupation n
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(N
j

) per e↵ective site. MBL may be vi-
sualized as localization in this many-body space. The
latter is best quantified by the inverse participation ra-

tio (IPR), ⌘(t) ⌘ 1
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max
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; a fully delo-
calized (localized) state presents ⌘ ⇠ 1 (⇠ 1/n

max

).
Whereas for ⌦/J = 0.13 ⌘(t) becomes comparable to 1
at ⌦t < 10, for ⌦/J = 0.013 ⌘(t) remains very small even
for ⌦t � 1 (inset of Fig. 4), showing the appearance of
quasi-localization in the many-body space.

Experimental feasibility.– The previous scenarios
may be realized with polar molecules in OLs under
current experimental conditions. We consider illustra-
tively the case of NaK, which presents a maximal elec-
tric dipole of 2.4 Debye in its lowest ro-vibrational level.
We consider a more realistic scenario of partial polar-
ized molecules with 1 Debye. For a typical lattice spac-
ing of 532nm, V/h ' 1kHz. Assuming a lattice depth
of 18E

rec

, with E
rec

/h ' 2.75 kHz the recoil energy,
J/h ' 10Hz= |V |/100, and hence 1/⌦ ⇠ 1s. As shown
in Fig. 4 the slow dimer dynamics may be, even for small
systems, over 100 times larger, hence stretching beyond a
minute, which is the typical maximal life time in experi-
ments. Localization may be explored either in expansion
experiments, or by in-situ site-resolved measurements.
Moreover, the formation of a repulsive 1D gas with at-
tractive DDI may be readily monitored since tightening
an overall harmonic trap may result in the formation of
an incompressible crystalline core that could be revealed
by measuring the saturation of the mean radius of the
sample and/or by site-resolved measurements. Further-
more, BR prevents two or more molecules to gather at
the same site, hence preventing any losses induced by
chemical recombination in spite of attractive DDI.

Summary.– The absence of dissipation leads to rich
out-of-equilibrium dynamics in polar lattice gases charac-
terized by the formation of inter-site bound clusters and
blockade repulsion even for attractive DDI. The combi-
nation of these e↵ects with the control possibilities of
ultra-cold gases may allow the realization of e↵ective
super-repulsive 1D gases with attractive DDI, the cre-
ation of dynamically-bound crystals, and most interest-
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FIG. 3: (Color online) (a) Dynamically-bound crystal : density hnii (obtained using t-DMRG) for U = 0 and V = �100J (rc =
2), for 4 particles in 24 sites initially placed rin = 3 sites apart. Note that since rin = rc + 1, there is still some residual
dynamics. For smaller rin  rc the crystal is perfectly preserved in this time scale. (b)–(c) E↵ective repulsive 1D gas: same
parameters as in Fig. (a) but rin = 5: (b) g2(t, r > 0) at di↵erent times (in the inset we show g2(t, r = 0) [42]) and (c) ḡ1(r),
for J(t2 � t1) = 5 and di↵erent t2 values. For both ḡ1 and g2, r denotes the distance from an initially occupied site. Note
that not only the on-site density and density fluctuations converge to quasi-equilibrium, but also ḡ1 and g2 at longer distances.
Note as well that g2(t, 0 < r  rc) = 0 due to BR.

Although the e↵ective repulsive 1D gas resembles a
super-Tonks gas [43], the physics behind is very di↵er-
ent. In the super-Tonks case, an initially repulsive gas
is dynamically brought into an attractive regime. Even
if in that regime the two-body ground-state is a bound
state, in absence of dissipation the system remains in an
excited state characterized by inter-particle repulsion. In
contrast, BR is crucially maintained by both the absence
of dissipation and by the lattice, which provides a finite
band- width and discrete particle motion.

Quasi-many-body localization.– Polar lattice gases of-
fer interesting possibilities for the study of quasi-MBL
without disorder. BCs of M particles move as a whole
with hopping J(J/V )M�1, and hence BCs with M � 1
are for any practical purposes immobile (although in-
cluster quasi-resonances may be still possible). As for
3He [6, 7], massive BCs and BR may induce percola-
tion for large-enough filling and |V |/J . Interestingly, as
shown below, 1D polar lattice gases may present quasi-
MBL even for low fillings (R � r

c

) and moderate DDI
achievable in experiments.

We illustrate the possibilities of 1D polar lattice gases
for quasi-MBL within a simplified scenario. Resembling
the recent experiment of Ref. [5] we consider atoms oc-
cupying sparsely the lower sites of a dimerized lattice
(Fig. 1(a)). After eliminating double occupations [40]
neighboring lowest sites may be both occupied, one oc-
cupied and one empty, or both empty. We consider
|V |/J such that r

c

= 2 and, as a result, when the ad-
ditional superlattice is turned o↵, one has either nearest-
neighbor (NN) dimers, or singlons (i.e. singly-occupied
sites) that are at least two sites apart from the nearest
singlon or NN dimer. This provides our initial condition
at t = 0 and it ensures that a minimal distance r

c

per-
sists during the dynamics. Namely, due to blockade re-
pulsion no particle can ever be found at a distance equal

or less than two sites from a singlon or a NN dimer. As
a result each singlon and each doblon have always two
empty sites at their left and right. It allows to safely
define the blocks S ⌘ 001 for singlons and D ⌘ 0011 for
NN dimers [44]. The tunneling of S’s to empty e↵ective
sites takes place via single-particle hopping J . D’s can
also move of one e↵ective site via second-order processes
in two ways: (i) 011 ! 020 ! 110, with an amplitude
J2/(U � V ); and (ii) 011 ! 101 ! 110 (see Fig. 1(?))
with an amplitude 8J2/7V . Hence the doublon-hopping
rate is J

D

= J2/(U � V ) + 8J2/7V . Assuming, for sim-
plicity, U � V, J , we approximate J

D

= 8J2/7V . Note
however that this assumption is not strictly needed. It is
however necessary to fullfil the condition |U � V | � J .
Otherwise NN dimers become mobile at a hopping rate
similar to J (exactly equal to J in the case U = V ) [45].
Finally, neighboring D’s and S’s may swap their position
via the second-order process sketched in Fig. 1(?), with
an amplitude ⌦ = 4J2/3V . For r

c

= 2 and due to the
1/r3 decay of the dipole-dipole potential, the interaction
at distances larger than two sites is, by definition of r

c

,
well within the band-width, and can hence be neglected
in a good approximation. As a result, the dynamics of
the polar lattice gas reduces to the hopping of S’s and
D’s, and the swap of D’s and S’s

Ĥ
eff

= �
X

hiji

⇣
JŜ†

i

Ŝ
j

+ J
D

D̂†
i

D̂
j

+ ⌦D̂†
i

Ŝ†
j

Ŝ
i

D̂
j

⌘
(2)

Eq. (2) describes a gas of n
D

doblons and n
s

singlons
where D̂

j

(Ŝ
j

) destroys a D (S) at the site j of a lattice
of lenght L

eff

= L � 3n
D

� 2n
S

. This e↵ective model
resembles the one previously introduced for binary mix-
tures of light and heavy particles [9–11] in the context of
MBL. However in [9–11], heavy particles block light par-
ticles, but light particles do not block heavy ones. From
the other side in eq (2) D’s block S’s and vice versa, but
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FIG. 2: (Color online) (a) Energy spectrum as a function of
the center-of-mass quasi-momentum K for two particles in 40
sites for U = 0 and V = �100J ; density of the bound-states
as a function of the relative coordinate r for the three bound
states at K = 0, as marked by the blue circles in Fig. (a), at
energies E/J ⇡ �5 (b), �13 (c) and �100 (d).

interactions and DDI, and V/r3 is the strength of the DDI
between sites placed r � 1 sites apart. Note that J , U
and V may be independently controlled basically at will
by modifying the lattice depth, the transversal confine-
ment [29], using Feshbach resonances, and/or controlling
the orientation and strength of the polarizing field.

Bound pairs.– We revisit first the concept of bound
pairs in non-polar gases (V = 0). Doubly-occupied sites
are characterized by an interaction energy U . If |U | � J ,
pair breaking by single particle hopping is out of res-
onance and energy conservation maintains on-site pairs
irrespective of the sign of U [30]. For U > 0 those pairs,
also called repulsively-bound pairs [27], are hence dynam-
ically bound. Conversely, two initially separated particles
cannot be brought to the same site, i.e. singlons experi-
ence an e↵ective hard-core repulsion [31]. However, sin-
glons may resonantly move through on-site bound pairs
even in 1D since a single-particle hopping swaps the dou-
blon and singlon positions (21 ! 12) [32, 33].

The long-range DDI allows for the formation of
dynamically-bound inter-site pairs [34]. Figure 2(a) de-
picts a typical two-particle spectrum, for U = 0 and
V = �100J . For each center-of-mass quasi-momentum
K 2 [�⇡,⇡], the spectrum presents a continuum of scat-
tering states and a discrete set of isolated inter-site bound
states (BSs) [35], which as for on-site bound pairs in
non-polar gases, are maintained by energy conservation,
irrespective of the sign of V . Figures 2(b-d) show the
probability of finding two particles r sites apart for the
BSs at K = 0. For binding energies close to the con-
tinuum, the relative position of the pair delocalizes over
many sites (Fig. 2(b)). These delocalized BSs are for
any practical purposes indistinguishable from the scat-
tering states. Instead, as shown in Fig. 2(c-d), deeper

BSs are characterized by a well defined relative distance
r. Below we restrict the term bound pair (BP) only to
deeply-bound states at fixed distances r  r

c

, where the
critical r

c

is defined as the largest r satisfying the condi-
tion f(r) = 2(J/V )2/(r�3 � (r + 1)�3)2 ⌧ 1 [37]. Note
that even if U = 0, the inter-site DDI stabilizes an on-site
BP that is buried within the scattering states in Fig. 2(a).
On-site and NN BPs demand |V � U | � J to avoid res-
onances between on-site and inter-site interactions.
Bound clusters.– On-site interactions may bind more

than two particles in on-site BCs. However, on-site BCs
are unstable against three-body losses and play a relevant
role only at relatively large lattice fillings [38]. Polar lat-
tice gases allow for the formation of inter-site BCs of more
than two particles, each particle being within a distance
r  r

c

of at least another particle of the cluster. Several
important points must be noted. First, although sites
with more than one particle may be involved, inter-site
BCs are typically formed by singly-occupied sites, and
hence these clusters are in general stable against three-
body losses. Second, whereas on-site BPs are obviously
precluded for polarized Fermi gases, inter-site BPs and
BCs are possible even in that case. Third, in contrast
to on-site BCs, inter-site BCs may present internal res-
onances, e.g. an initial cluster 1101 may remain bound,
but resonates with 1011. BCs are a general feature of
out-of-equilibrium polar lattice gases in any dimension
even at low fillings, as long as the DDI is large enough.
In particular, massive BCs of a size comparable to the
whole system may be formed if the mean-interparticle
distance R < r

c

. A particular example of massive BC
is provided by an initially prepared state with particles
at regular distances r

in

 r
c

. The absence of dissipation
maintains this dynamically-bound crystal (Fig.3(a)).
Blockade repulsion.– The formation of inter-site BPs

has as a counterpart a vanishing probability of finding the
particles at a distance r  r

c

in loose inter-site BSs and
scattering states (r

c

= 2 for Fig. 2(b) [37]). The presence
of this exclusion region leads hence to an e↵ective BR be-
tween particles initially at a distance r

in

> r
c

. This BR
becomes evident when monitoring the density-density
correlation g2(t, r) = hn

i

(t)n
i+r

(t)i/(hn
i

(t)ihn
i+r

(t)i). If
r
in

> r
c

at t = 0, the subsequent dynamics shows BR,
i.e. g2(t > 0, r  r

c

) = 0, as discussed below.
Repulsive gas for attractive DDI.– Combining BR

with a proper initial-state preparation allows for the cre-
ation of a repulsive 1D gas for attractive DDI. Such a
gas may be readily realized experimentally by placing
the particles initially at the minima of a superlattice with
period r

in

> r
c

and subsequently removing the superlat-
tice; sites with more than two particles may be eliminated
by using resonant light [39]. Under these conditions no
BP or BC is present, and as a result the system forms
a singlon gas with an e↵ective BR of radius r

c

. Fig-
ures 3(b) and (c) show our results, obtained by means of
time-dependent density-matrix renormalization group (t-

rc
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FIG. 2: (Color online) (a) Energy spectrum as a function of
the center-of-mass quasi-momentum K for two particles in 40
sites for U = 0 and V = �100J ; density of the bound-states
as a function of the relative coordinate r for the three bound
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energies E/J ⇡ �5 (b), �13 (c) and �100 (d).
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FIG. 4: (Color online) Inhomogeneity �N(t) as a function
of ⌦t for V = �100J , for (nD, nS , L) = (2, 2, 20) (dashed
blue) and (3, 3, 27) (solid red). The results are obtained by
exact diagonalization averaging over 50 and 25 random ini-
tial conditions, respectively. The shaded region indicates ap-
proximately the region of fast decay due to quasi-resonances.
We depict for comparison the results for (3, 3, 27) for V =
�10J (dotted pink). The inset shows the IPR for (3, 3, 27)
for V = �100J (solid red) and V = �10J (dotted pink).

induce S localization. For finite J/|V | ⌧ 1, the motion
of D’s changes the energy of the S gas. If this energy
change, �E � J

D

,⌦, the motion of D’s is hindered.
Note however, that limited quasi-resonant D mobility,
involving �E < J

D

,⌦, remains possible. These quasi-
resonances lead to partial D di↵usion at times ⇠ 1/⌦.

We have performed exact diagonalization calculations
with periodic boundary conditions (PBC) of the many-
body state | (t)i for small systems (n

D

, n
S

, L) of n
D

D’s, n
s

S’s and L lattice sites, corresponding to L
eff

=
L � 3n

D

� 2n
S

e↵ective sites of model (2). We aver-
age over various initial random distributions of D’s and
S’s at fixed positions in the e↵ective lattice. Figure 4
shows for ⌦/J = 0.013 (V = �100J) the dynamics of

the inhomogeneity of D’s, �N ⌘ 1
L

eff

P
L

eff

j=1 |h (t)|N̂
j

�
N̂

j+1| (t)i|2 (with N̂
j

⌘ D̂†
j

D̂
j

) [9]. Perfect homogene-
ity means �N = 0. In Fig. 4 we depict for compari-
son the numerical results for ⌦/J = 0.13 [43]. Whereas

for ⌦/J = 0.13, D’s di↵use within a time scale 1/⌦, for
⌦/J = 0.013 quasi-resonances allow only a fraction of D’s
to delocalize in this time scale (shaded region in Fig. 4)
and a much slower dynamics follows. This slow dynamics
is characteristic of systems with PBC due the collective
motion of all D’s. Consistent with this, the time scale
of the slow D dynamics for the (n

D

, n
S

, L) = (3, 3, 27)
case is approximately 10 times longer than the one for
(2, 2, 20) [44]. We hence expect an exponentially diverg-
ing time scale for the slow-dynamics for a growing num-
ber of dimers.

We may expand | (t)i =
P

n

max

⌫=1  (⌫, t)|⌫i, where ⌫
denotes each one of the n

max

=
�

L

eff

n

D

+n

S

��
n

D

+n

S

n

S

�
many-

body Fock states, characterized by a particular S (D)
occupation n

j

(N
j

) per e↵ective site. MBL may be vi-
sualized as localization in this many-body space. The
latter is best quantified by the inverse participation ra-

tio (IPR), ⌘(t) ⌘ 1
n

max

⇥P
⌫

| (⌫; t)|4
⇤�1

; a fully delo-
calized (localized) state presents ⌘ ⇠ 1 (⇠ 1/n

max

).
Whereas for ⌦/J = 0.13 ⌘(t) becomes comparable to 1
at ⌦t < 10, for ⌦/J = 0.013 ⌘(t) remains very small even
for ⌦t � 1 (inset of Fig. 4), showing the appearance of
quasi-localization in the many-body space.

Experimental feasibility.– The previous scenarios
may be realized with polar molecules in OLs under
current experimental conditions. We consider illustra-
tively the case of NaK, which presents a maximal elec-
tric dipole of 2.4 Debye in its lowest ro-vibrational level.
We consider a more realistic scenario of partial polar-
ized molecules with 1 Debye. For a typical lattice spac-
ing of 532nm, V/h ' 1kHz. Assuming a lattice depth
of 18E

rec

, with E
rec

/h ' 2.75 kHz the recoil energy,
J/h ' 10Hz= |V |/100, and hence 1/⌦ ⇠ 1s. As shown
in Fig. 4 the slow dimer dynamics may be, even for small
systems, over 100 times larger, hence stretching beyond a
minute, which is the typical maximal life time in experi-
ments. Localization may be explored either in expansion
experiments, or by in-situ site-resolved measurements.
Moreover, the formation of a repulsive 1D gas with at-
tractive DDI may be readily monitored since tightening
an overall harmonic trap may result in the formation of
an incompressible crystalline core that could be revealed
by measuring the saturation of the mean radius of the
sample and/or by site-resolved measurements. Further-
more, BR prevents two or more molecules to gather at
the same site, hence preventing any losses induced by
chemical recombination in spite of attractive DDI.

Summary.– The absence of dissipation leads to rich
out-of-equilibrium dynamics in polar lattice gases charac-
terized by the formation of inter-site bound clusters and
blockade repulsion even for attractive DDI. The combi-
nation of these e↵ects with the control possibilities of
ultra-cold gases may allow the realization of e↵ective
super-repulsive 1D gases with attractive DDI, the cre-
ation of dynamically-bound crystals, and most interest-
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FIG. 4: (Color online) Inhomogeneity �N(t) as a function
of ⌦t for V = �100J , for (nD, nS , L) = (2, 2, 20) (dashed
blue) and (3, 3, 27) (solid red). The results are obtained by
exact diagonalization averaging over 50 and 25 random ini-
tial conditions, respectively. The shaded region indicates ap-
proximately the region of fast decay due to quasi-resonances.
We depict for comparison the results for (3, 3, 27) for V =
�10J (dotted pink). The inset shows the IPR for (3, 3, 27)
for V = �100J (solid red) and V = �10J (dotted pink).
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,⌦, the motion of D’s is hindered.
Note however, that limited quasi-resonant D mobility,
involving �E < J
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,⌦, remains possible. These quasi-
resonances lead to partial D di↵usion at times ⇠ 1/⌦.
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with periodic boundary conditions (PBC) of the many-
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e↵ective sites of model (2). We aver-
age over various initial random distributions of D’s and
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the inhomogeneity of D’s, �N ⌘ 1
L

eff

P
L

eff

j=1 |h (t)|N̂
j

�
N̂

j+1| (t)i|2 (with N̂
j

⌘ D̂†
j

D̂
j

) [9]. Perfect homogene-
ity means �N = 0. In Fig. 4 we depict for compari-
son the numerical results for ⌦/J = 0.13 [43]. Whereas

for ⌦/J = 0.13, D’s di↵use within a time scale 1/⌦, for
⌦/J = 0.013 quasi-resonances allow only a fraction of D’s
to delocalize in this time scale (shaded region in Fig. 4)
and a much slower dynamics follows. This slow dynamics
is characteristic of systems with PBC due the collective
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Whereas for ⌦/J = 0.13 ⌘(t) becomes comparable to 1
at ⌦t < 10, for ⌦/J = 0.013 ⌘(t) remains very small even
for ⌦t � 1 (inset of Fig. 4), showing the appearance of
quasi-localization in the many-body space.

Experimental feasibility.– The previous scenarios
may be realized with polar molecules in OLs under
current experimental conditions. We consider illustra-
tively the case of NaK, which presents a maximal elec-
tric dipole of 2.4 Debye in its lowest ro-vibrational level.
We consider a more realistic scenario of partial polar-
ized molecules with 1 Debye. For a typical lattice spac-
ing of 532nm, V/h ' 1kHz. Assuming a lattice depth
of 18E
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, with E
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/h ' 2.75 kHz the recoil energy,
J/h ' 10Hz= |V |/100, and hence 1/⌦ ⇠ 1s. As shown
in Fig. 4 the slow dimer dynamics may be, even for small
systems, over 100 times larger, hence stretching beyond a
minute, which is the typical maximal life time in experi-
ments. Localization may be explored either in expansion
experiments, or by in-situ site-resolved measurements.
Moreover, the formation of a repulsive 1D gas with at-
tractive DDI may be readily monitored since tightening
an overall harmonic trap may result in the formation of
an incompressible crystalline core that could be revealed
by measuring the saturation of the mean radius of the
sample and/or by site-resolved measurements. Further-
more, BR prevents two or more molecules to gather at
the same site, hence preventing any losses induced by
chemical recombination in spite of attractive DDI.

Summary.– The absence of dissipation leads to rich
out-of-equilibrium dynamics in polar lattice gases charac-
terized by the formation of inter-site bound clusters and
blockade repulsion even for attractive DDI. The combi-
nation of these e↵ects with the control possibilities of
ultra-cold gases may allow the realization of e↵ective
super-repulsive 1D gases with attractive DDI, the cre-
ation of dynamically-bound crystals, and most interest-
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FIG. 3: (Color online) (a) Dynamically-bound crystal : density hnii (obtained using t-DMRG) for U = 0 and V = �100J (rc =
2), for 4 particles in 24 sites initially placed rin = 3 sites apart. Note that since rin = rc + 1, there is still some residual
dynamics. For smaller rin  rc the crystal is perfectly preserved in this time scale. (b)–(c) E↵ective repulsive 1D gas: same
parameters as in Fig. (a) but rin = 5: (b) g2(t, r > 0) at di↵erent times (in the inset we show g2(t, r = 0) [42]) and (c) ḡ1(r),
for J(t2 � t1) = 5 and di↵erent t2 values. For both ḡ1 and g2, r denotes the distance from an initially occupied site. Note
that not only the on-site density and density fluctuations converge to quasi-equilibrium, but also ḡ1 and g2 at longer distances.
Note as well that g2(t, 0 < r  rc) = 0 due to BR.

Although the e↵ective repulsive 1D gas resembles a
super-Tonks gas [43], the physics behind is very di↵er-
ent. In the super-Tonks case, an initially repulsive gas
is dynamically brought into an attractive regime. Even
if in that regime the two-body ground-state is a bound
state, in absence of dissipation the system remains in an
excited state characterized by inter-particle repulsion. In
contrast, BR is crucially maintained by both the absence
of dissipation and by the lattice, which provides a finite
band- width and discrete particle motion.

Quasi-many-body localization.– Polar lattice gases of-
fer interesting possibilities for the study of quasi-MBL
without disorder. BCs of M particles move as a whole
with hopping J(J/V )M�1, and hence BCs with M � 1
are for any practical purposes immobile (although in-
cluster quasi-resonances may be still possible). As for
3He [6, 7], massive BCs and BR may induce percola-
tion for large-enough filling and |V |/J . Interestingly, as
shown below, 1D polar lattice gases may present quasi-
MBL even for low fillings (R � r

c

) and moderate DDI
achievable in experiments.

We illustrate the possibilities of 1D polar lattice gases
for quasi-MBL within a simplified scenario. Resembling
the recent experiment of Ref. [5] we consider atoms oc-
cupying sparsely the lower sites of a dimerized lattice
(Fig. 1(a)). After eliminating double occupations [40]
neighboring lowest sites may be both occupied, one oc-
cupied and one empty, or both empty. We consider
|V |/J such that r

c

= 2 and, as a result, when the ad-
ditional superlattice is turned o↵, one has either nearest-
neighbor (NN) dimers, or singlons (i.e. singly-occupied
sites) that are at least two sites apart from the nearest
singlon or NN dimer. This provides our initial condition
at t = 0 and it ensures that a minimal distance r

c

per-
sists during the dynamics. Namely, due to blockade re-
pulsion no particle can ever be found at a distance equal

or less than two sites from a singlon or a NN dimer. As
a result each singlon and each doblon have always two
empty sites at their left and right. It allows to safely
define the blocks S ⌘ 001 for singlons and D ⌘ 0011 for
NN dimers [44]. The tunneling of S’s to empty e↵ective
sites takes place via single-particle hopping J . D’s can
also move of one e↵ective site via second-order processes
in two ways: (i) 011 ! 020 ! 110, with an amplitude
J2/(U � V ); and (ii) 011 ! 101 ! 110 (see Fig. 1(?))
with an amplitude 8J2/7V . Hence the doublon-hopping
rate is J

D

= J2/(U � V ) + 8J2/7V . Assuming, for sim-
plicity, U � V, J , we approximate J

D

= 8J2/7V . Note
however that this assumption is not strictly needed. It is
however necessary to fullfil the condition |U � V | � J .
Otherwise NN dimers become mobile at a hopping rate
similar to J (exactly equal to J in the case U = V ) [45].
Finally, neighboring D’s and S’s may swap their position
via the second-order process sketched in Fig. 1(?), with
an amplitude ⌦ = 4J2/3V . For r

c

= 2 and due to the
1/r3 decay of the dipole-dipole potential, the interaction
at distances larger than two sites is, by definition of r

c

,
well within the band-width, and can hence be neglected
in a good approximation. As a result, the dynamics of
the polar lattice gas reduces to the hopping of S’s and
D’s, and the swap of D’s and S’s

Ĥ
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+ J
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Eq. (2) describes a gas of n
D

doblons and n
s

singlons
where D̂

j

(Ŝ
j

) destroys a D (S) at the site j of a lattice
of lenght L

eff

= L � 3n
D

� 2n
S

. This e↵ective model
resembles the one previously introduced for binary mix-
tures of light and heavy particles [9–11] in the context of
MBL. However in [9–11], heavy particles block light par-
ticles, but light particles do not block heavy ones. From
the other side in eq (2) D’s block S’s and vice versa, but
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FIG. 2: (Color online) (a) Energy spectrum as a function of
the center-of-mass quasi-momentum K for two particles in 40
sites for U = 0 and V = �100J ; density of the bound-states
as a function of the relative coordinate r for the three bound
states at K = 0, as marked by the blue circles in Fig. (a), at
energies E/J ⇡ �5 (b), �13 (c) and �100 (d).

interactions and DDI, and V/r3 is the strength of the DDI
between sites placed r � 1 sites apart. Note that J , U
and V may be independently controlled basically at will
by modifying the lattice depth, the transversal confine-
ment [29], using Feshbach resonances, and/or controlling
the orientation and strength of the polarizing field.

Bound pairs.– We revisit first the concept of bound
pairs in non-polar gases (V = 0). Doubly-occupied sites
are characterized by an interaction energy U . If |U | � J ,
pair breaking by single particle hopping is out of res-
onance and energy conservation maintains on-site pairs
irrespective of the sign of U [30]. For U > 0 those pairs,
also called repulsively-bound pairs [27], are hence dynam-
ically bound. Conversely, two initially separated particles
cannot be brought to the same site, i.e. singlons experi-
ence an e↵ective hard-core repulsion [31]. However, sin-
glons may resonantly move through on-site bound pairs
even in 1D since a single-particle hopping swaps the dou-
blon and singlon positions (21 ! 12) [32, 33].

The long-range DDI allows for the formation of
dynamically-bound inter-site pairs [34]. Figure 2(a) de-
picts a typical two-particle spectrum, for U = 0 and
V = �100J . For each center-of-mass quasi-momentum
K 2 [�⇡,⇡], the spectrum presents a continuum of scat-
tering states and a discrete set of isolated inter-site bound
states (BSs) [35], which as for on-site bound pairs in
non-polar gases, are maintained by energy conservation,
irrespective of the sign of V . Figures 2(b-d) show the
probability of finding two particles r sites apart for the
BSs at K = 0. For binding energies close to the con-
tinuum, the relative position of the pair delocalizes over
many sites (Fig. 2(b)). These delocalized BSs are for
any practical purposes indistinguishable from the scat-
tering states. Instead, as shown in Fig. 2(c-d), deeper

BSs are characterized by a well defined relative distance
r. Below we restrict the term bound pair (BP) only to
deeply-bound states at fixed distances r  r

c

, where the
critical r

c

is defined as the largest r satisfying the condi-
tion f(r) = 2(J/V )2/(r�3 � (r + 1)�3)2 ⌧ 1 [37]. Note
that even if U = 0, the inter-site DDI stabilizes an on-site
BP that is buried within the scattering states in Fig. 2(a).
On-site and NN BPs demand |V � U | � J to avoid res-
onances between on-site and inter-site interactions.
Bound clusters.– On-site interactions may bind more

than two particles in on-site BCs. However, on-site BCs
are unstable against three-body losses and play a relevant
role only at relatively large lattice fillings [38]. Polar lat-
tice gases allow for the formation of inter-site BCs of more
than two particles, each particle being within a distance
r  r

c

of at least another particle of the cluster. Several
important points must be noted. First, although sites
with more than one particle may be involved, inter-site
BCs are typically formed by singly-occupied sites, and
hence these clusters are in general stable against three-
body losses. Second, whereas on-site BPs are obviously
precluded for polarized Fermi gases, inter-site BPs and
BCs are possible even in that case. Third, in contrast
to on-site BCs, inter-site BCs may present internal res-
onances, e.g. an initial cluster 1101 may remain bound,
but resonates with 1011. BCs are a general feature of
out-of-equilibrium polar lattice gases in any dimension
even at low fillings, as long as the DDI is large enough.
In particular, massive BCs of a size comparable to the
whole system may be formed if the mean-interparticle
distance R < r

c

. A particular example of massive BC
is provided by an initially prepared state with particles
at regular distances r

in

 r
c

. The absence of dissipation
maintains this dynamically-bound crystal (Fig.3(a)).
Blockade repulsion.– The formation of inter-site BPs

has as a counterpart a vanishing probability of finding the
particles at a distance r  r

c

in loose inter-site BSs and
scattering states (r

c

= 2 for Fig. 2(b) [37]). The presence
of this exclusion region leads hence to an e↵ective BR be-
tween particles initially at a distance r

in

> r
c

. This BR
becomes evident when monitoring the density-density
correlation g2(t, r) = hn

i

(t)n
i+r

(t)i/(hn
i

(t)ihn
i+r

(t)i). If
r
in

> r
c

at t = 0, the subsequent dynamics shows BR,
i.e. g2(t > 0, r  r

c

) = 0, as discussed below.
Repulsive gas for attractive DDI.– Combining BR

with a proper initial-state preparation allows for the cre-
ation of a repulsive 1D gas for attractive DDI. Such a
gas may be readily realized experimentally by placing
the particles initially at the minima of a superlattice with
period r

in

> r
c

and subsequently removing the superlat-
tice; sites with more than two particles may be eliminated
by using resonant light [39]. Under these conditions no
BP or BC is present, and as a result the system forms
a singlon gas with an e↵ective BR of radius r

c

. Fig-
ures 3(b) and (c) show our results, obtained by means of
time-dependent density-matrix renormalization group (t-

rc

In scattering states (and loosely bound) 

two particle cannot approach each  
other more than a blockade radius: 

An initial state with no overlap  
on the bound states will behave  
like a ”hard-core” gas

The system seems 
to relax to a stationary 
repulsive Luttinger liquid 
(more checks needed…)

rc



What does it happen by starting with a generic configuration? 

Previous relaxation relies on the absence of pairs and  
clusters.  
Clusters of M-atoms have                  :  
large M clusters are practically immobile. 

Can there be regimes where the system is unable to relax?  
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(Quasi-)Many Body localisation
Starting from a generic state what is the long time state of  
a CLOSED (non-integrable) MANY-BODY system?  

1. Thermal state: following the ergodic hypothesis systems 
are able to act as reservoirs for their subsystem. 

2. Localised. 
2.1 Single particle states localises in presence of disorder 
(Anderson). Does interaction preserve the localisation at 
the many body level? The naive “Yes, if the interaction is 
not too strong” is a partially correct answer. [1] 

2.2 Can translational invariant system localise?  
Answer: most probably only practically/asymptotically… 

[1] Polkonikov et al. RMP 83, 863 (2011); Nandkishore & Huse arXiv:1404.0686v2



(Quasi-)Many Body localisation

2. Localised. 
2.1 Single particle states localises in presence of disorder 
(Anderson). Does interaction preserve the localisation at 
the many body level? The naive “Yes, if the interaction is 
not too strong” is a partially correct answer. [1] 
Exp: Fermi-Hubbard model with quenched disorder 
I. Bloch group, Science 349, 842 (2015) 

2.2 Can translational invariant system localise?  
Answer: most probably only practically/asymptotically yes. 
Exp: 3He atoms in crystalline 4He,  
Mikheev et al., Sov. JLTP (1982-1983)

[1] Polkonikov et al. RMP 83, 863 (2011); Nandkishore & Huse arXiv:1404.0686v2



Quasi-Many Body localisation in 1D dipolar gases

A simplified model

Initial state preparation: 
only either adjacent atoms or  
single atoms separated by at  
least 2 sites ->  
remove superlattice.

rc = 2V/J such that       : in the dynamics particles cannot approach 
more than 2 sites apart. 
We deal with singlons S=001 and dimer D=0011. 

Out-of-equilibrium states and quasi-many-body localization in polar lattice gases

L. Barbiero,1 C. Menotti,2 A. Recati,2, 3 and L. Santos4

1Dipartimento di Fisica e Astronomia ”Galileo Galilei”, Università di Padova, 35131 Padova, Italy
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3Technische Universität München, James-Franck-Strasse 1, 85748 Garching, Germany
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The absence of energy dissipation leads to an intriguing out-of-equilibrium dynamics for ultra-
cold polar gases in optical lattices, characterized by the formation of dynamically-bound on-site and
inter-site clusters of two or more particles, and by an e↵ective blockade repulsion. These e↵ects
combined with the controlled preparation of initial states available in cold gases experiments can be
employed to create interesting out-of-equilibrium states. These include quasi-equilibrated e↵ectively
repulsive 1D gases for attractive dipolar interactions and dynamically-bound crystals. Furthermore,
non-equilibrium polar lattice gases can o↵er a promising scenario for the study of quasi-many-body
localization in the absence of quenched disorder. This fascinating out-of-equilibrium dynamics for
ultra-cold polar gases in optical lattices may be accessible in on-going experiments.

PACS numbers: 37.10.Jk, 67.85.-d, 03.75.Kk, 05.30.Jp

Out-of-equilibrium dynamics of isolated quantum sys-
tems has recently attracted a major interest [1, 2], in
particular in the context of ultra-cold gases, where dissi-
pation is basically absent [3]. Non-equilibrium quantum
dynamics constitutes an exciting new field, notably in
what concerns many-body localization (MBL), i.e. local-
ization in excited states of interacting many-body sys-
tems [4]. Recent cold-gases experiments are starting to
unveil the non-trivial physics of MBL [5].

Although MBL is typically discussed in the presence of
disorder, localization may occur in absence of it, as first
discussed for 3He di↵usion in 4He crystals [6, 7]. Beyond
a critical concentration, immobile 3He clusters could lead
to percolation for the remaining 3He atoms. Quasi-MBL
and glassy dynamics without disorder are attracting a
growing attention, and various mechanisms for localiza-
tion and eventual delocalization have been discussed [8–
15].

Meanwhile, experiments on magnetic atoms [16–18]
and polar molecules [19–21] are starting to reveal the
fascinating physics of dipolar gases. These gases are
markedly di↵erent from their non-dipolar counterparts
due to the long-range anisotropic character of the dipole-
dipole interaction (DDI) [22, 23]. Polar gases in optical
lattices (OLs) o↵er exciting possibilities for the study of
lattice models [23] and quantum magnetism [24, 25].

In this Letter, we study non-equilibrium dynamics
of 1D polar lattice gases. This dynamics is character-
ized by dynamically-bound on-site and inter-site clus-
ters (BCs) generalizing on-site repulsively-bound pairs in
non-polar gases [26–28], and by blockade repulsion (BR).
We show how these e↵ects result in interesting out-of-
equilibrium states, including repulsive gases with attrac-
tive DDI and dynamically-bound crystals. Moreover, po-
lar lattice gases allow for quasi-MBL without disorder, as
we illustrate for the set-up of Fig. 1. These scenarios can
be realized in current experiments on polar molecules in

(a) 

(b) 

(c) 

FIG. 1: (Color online) (a) A dimerized lattice can be used to
create a gas of singlons and dynamically-bound NN dimers;
(b) due to the BR a NN dimer (singlon) forms a block D ⌘
0011 (S ⌘ 001); (c) e↵ective lattice formed by the blocks D, S,
and additional empty sites. This e↵ective lattice is employed
in model (2) to show the realization of quasi-MBL.

OLs.
Model.– We consider polar bosons in a 1D OL. For

a deep lattice the system is described by the extended
Bose-Hubbard model (EBHM) [22, 23]

H = �J
X

hiji

b̂†
i

b̂
j

+
U

2

X

i

n̂
i

(n̂
i

�1)+V
X

i,r>0

n̂
i

n̂
i+r

r3
, (1)

where h· · · i denotes nearest neighbor (NN), b
i

(b†
i

) de-

stroys (creates) bosons at the i-th site, n
i

= b†
i

b
i

, J is the
hopping rate, U characterizes the combined on-site short-
range interactions and DDI, and V/r3 is the strength of
the DDI between sites placed r � 1 sites apart. J , U and
V can be tuned independently by changing the lattice
depth, the transverse confinement [29], the orientation
and strength of the polarizing field (V < 0 for polariza-
tion along the lattice axis), and by Feshbach resonances.
Bound pairs.– We revisit first the concept of bound

pairs in non-polar gases (V = 0). Doubly-occupied sites
are characterized by an interaction energy U . If |U | � J ,
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In this Supplementary material we discuss in more detail the e↵ective model in Eq. (2) of the
main text.

PACS numbers:

We consider atoms occupying sparsely the lower sites
of the lattice of Fig. 1(a) of the main text. Neighboring
lowest sites may be both occupied, one occupied and one
empty, or both empty. Atoms in doubly-occupied sites
or in sites with even higher occupation are removed by
resonant light. As a result, when the additional superlat-
tice is turned o↵, one has either nearest-neighbor (NN)
dimers, or singlons (i.e. singly-occupied sites) that are
at least three sites apart from the nearest singlon or NN
dimer. This provides our initial condition at t = 0.

We assume a ratio V/J such that rc = 2, ensuring that
this minimal distance persists during dynamics. Namely,
due to blockade repulsion no particle can ever be found
at a distance equal or less than two sites from a singlon
or a NN dimer. As a result each singlon and each doblon
have always two empty sites at their left and right. Hence
we can safely define the blocks S ⌘ 001 for singlons and
D ⌘ 0011 for NN dimers [1]. Due to periodic boundary
conditions, any possible state maps into a distribution of
S’s and D’s, and additional empty sites 0, which do not
belong to any S or D. Therefore, we map the real system
onto an e↵ective lattice with sites that are either empty,
occupied by an S, or occupied by a D (see Fig.1(a)).

The tunneling of S’s to empty e↵ective sites takes place
via single-particle hopping J . D’s can also move of one
e↵ective site via second-order processes in two ways: (i)
011 ! 020 ! 110, with an amplitude J2/(U � V );
and (ii) 011 ! 101 ! 110 (see Fig. 1(b)) with an
amplitude 8J2/7V . Hence the doublon-hopping rate is
JD = J2/(U � V ) + 8J2/7V . Assuming, for simplicity,
U � V, J , we approximate JD = 8J2/7V , as in the main
text. Note however that this assumption is not strictly
needed. It is however necessary, as we mention in the
main text, to fullfil the condition |U � V | � J . Other-
wise NN dimers become mobile at a hopping rate similar
to J (exactly equal to J in the case U = V ) [2]. Fi-
nally, neighboring D’s and S’s may swap their position
via the second-order process sketched in Fig. 1(c), with
an amplitude ⌦ = 4J2/3V .

For rc = 2 and due to the 1/r3 decay of the dipole-
dipole potential, the interaction at distances larger than
two sites is, by definition of rc, well within the band-

J!

J!

J!

J!
(a) 

(b) 

(c) 

FIG. 1: (Color online) (a) The outer ring represents a 1D
polar lattice gas with periodic boundary conditions, under
the conditions discussed in the text. Singlons form e↵ective
clusters S ⌘ 001 (orange) and NN dimers e↵ective clusters
D ⌘ 0011 (green) [1]. The inner ring represents the e↵ective
lattice corresponding to the real lattice in the outer ring .
Each site of the e↵ective lattice may be either empty (white),
occupied by an S (orange), or by a D (green). Figures (b) and
(c) depict, respectively, the second-order processes responsible
for the hopping of D’s into a neighboring empty e↵ective site,
and for S–D swaps (see text).

width, and can hence be neglected in a good approxima-
tion. As a result, the dynamics of the polar lattice gas
reduces to the hopping of S’s and D’s, and the swap of
D’s and S’s; this dynamics is described by model (2) of
the main text.
Note that this e↵ective model resembles the one previ-

ously introduced for binary mixtures of light and heavy
particles [3–5] in the context of MBL. However in [3–5],
heavy particles block light particles, but light particles
do not block heavy ones. In model (2), D’s block S’s
and vice versa, but S’s and D’s can swap their positions.
Note that, as mentioned in the main text, these swaps are
crucial, since without S-D swaps (and as a consequence
of the hard-core constraint of the e↵ective model), D’s
and S’s would block each other mutually, and the system
would be trivially localized. Indeed, it is the fact that
the particles can in principle extend over the whole lat-
tice via S-D swaps that makes the problem non-trivial.

S tunnel with J. 
(b) D via II order processes          

JD = J2/(U � V ) + 8J2/7V

(c)  D and S can swap: ⌦ = 4J2/3V

Ĥeff = �
X

hiji

⇣
JŜ†

i Ŝj + JDD̂†
i D̂j + ⌦D̂†

i Ŝ
†
j ŜiD̂j

⌘

Without swapping the S´s and D´s would trivially localise. 
On the same line of Schiulaz & Müller one can expect that 
for           the system shows a “sort of” localisationJD,⌦ ⌧ J



Quasi-Many Body localisation in 1D dipolar gases

We perform ED with PBC of the effective model and 
average over many (25-50) initial configurations and determine…
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FIG. 4: (Color online) Inhomogeneity �N(t) as a function
of ⌦t for ⌦/J = 0.013, for (nD, nS , L) = (2, 2, 20) (dashed
blue) and (3, 3, 27) (solid red). The results are obtained by
exact diagonalization averaging over 50 and 25 random ini-
tial conditions, respectively. The shaded region indicates ap-
proximately the region of fast decay due to quasi-resonances.
We depict for comparison the results for (3, 3, 27) for ⌦/J =
0.13 (dotted pink). The inset shows the IPR for (3, 3, 27) for
⌦/J = 0.013 (solid red) and ⌦/J = 0.13 (dotted pink).

S’s and D’s can swap their positions. Note that these
swaps are crucial, since for ⌦ = 0, i. e. J/|V | ! 0,
due to the hard-core constraint D’s and S’s would block
each other mutually, and the system would be trivially
localized. For finite J/|V | ⌧ 1 the situation is more in-
triguing since the motion of D’s changes the energy of the
S gas [46]. If this change, �E � J

D

,⌦, the motion of
D’s is hindered. However, limited quasi-resonant D mo-
bility, involving �E < J

D

,⌦, remains possible, leading
to partial D di↵usion at times ⇠ 1/⌦. The fact that the
particles can in principle extend over the whole lattice
via S-D swaps makes the problem non-trivial.

We have performed exact diagonalization calculations
with periodic boundary conditions (PBC) of the evolu-
tion of the many-body state | (t)i given by Model (2) for
small systems (n

D

, n
S

, L) of n
D

D’s, n
s

S’s and L
eff

. We
average over various initial random distributions of D’s
and S’s at fixed positions in the e↵ective lattice. Figure 4
shows for ⌦/J = 0.013 (V = �100J) the dynamics of

the inhomogeneity of D’s, �N ⌘ 1
L

eff

P
L

eff

j=1 |h (t)|N̂
j

�
N̂

j+1| (t)i|2 (with N̂
j

⌘ D̂†
j

D̂
j

) [9]. Perfect homogene-
ity means �N = 0. In Fig. 4 we depict for comparison
the results for ⌦/J = 0.13 [47]. Whereas for ⌦/J = 0.13,
D’s di↵use within a time scale 1/⌦, for ⌦/J = 0.013
quasi-resonances allow only a fraction of D’s to delocal-
ize in this time scale (shaded region in Fig. 4) and a much
slower dynamics follows. This slow dynamics is charac-
teristic of systems with PBC due the collective motion of
all D’s [10]. Consistent with this, the time scale of the
slow D dynamics for the (n

D

, n
S

, L) = (3, 3, 27) case is
approximately 10 times longer than that for (2, 2, 20) [48].

We hence expect an exponentially diverging time scale for
the slow-dynamics for growing number of dimers.

We may expand | (t)i =
P

n

max

⌫=1  (⌫, t)|⌫i over the
n
max

=
�

L

eff

n

D

+n

S

��
n

D

+n

S

n

S

�
many-body states |⌫i account-

ing for all possible distributions of S’s and D’s in the
e↵ective lattice. MBL may be visualized as localiza-
tion in this many-body space. The latter is best quan-
tified by the inverse participation ratio (IPR), ⌘(t) ⌘

1
n

max

⇥P
⌫

| (⌫; t)|4
⇤�1

; a fully delocalized (localized)
state presents ⌘ ⇠ 1 (⇠ 1/n

max

). Whereas for ⌦/J =
0.13, ⌘(t) ⇠ 1 at ⌦t < 10, for ⌦/J = 0.013, ⌘(t) remains
very small even for ⌦t � 1 (inset of Fig. 4), showing the
appearance of quasi-localization in the many-body space.

Experimental feasibility.– The previous scenarios can
be realized with polar molecules in OLs, as we illus-
trate for the case of NaK, which possesses an elec-
tric dipole of 2.72 Debye in its lowest ro-vibrational
level [49]. We consider the realistic case of partially
polarized molecules with 1 Debye. For a lattice spac-
ing of 532nm, V/h ' 1kHz. Assuming a lattice depth
of 18E

rec

, with E
rec

/h ' 2.75 kHz the recoil energy,
J/h ' 10Hz= |V |/100, and hence 1/⌦ ⇠ 1s. As shown
in Fig. 4 the slow dimer dynamics can be much larger,
stretching well beyond a minute, which is the typical
maximal life time in experiments. Localization can be
explored either in expansion experiments, or by site-
resolved measurements. Moreover, the formation of a
repulsive gas with attractive DDI can be readily moni-
tored. Tightening an overall harmonic trap should result
in the formation of an incompressible crystalline core that
can be revealed by measuring the saturation of the mean
radius of the sample and/or by site-resolved measure-
ments. Furthermore, BR hinders two or more molecules
to gather at the same site, preventing chemical recombi-
nation losses despite attractive DDI.

Summary.– The absence of dissipation leads to rich
out-of-equilibrium dynamics in polar lattice gases char-
acterized by the formation of inter-site bound clusters
and blockade repulsion even for attractive DDI. The
combination of these e↵ects with the control possibili-
ties of ultra-cold gases may allow the realization of e↵ec-
tive repulsive 1D gases with attractive DDI, the creation
of dynamically-bound crystals, and most interestingly,
quasi-MBL in absence of disorder. The latter opens in-
teresting perspectives for observing a dynamical phase
transition in polar lattice gases from a delocalized to a
quasi-MBL regime as a function of the V/J ratio.
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We perform ED with PBC of the effective model and 
average over many (25-50) initial configurations and determine…
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FIG. 4: (Color online) Inhomogeneity �N(t) as a function
of ⌦t for ⌦/J = 0.013, for (nD, nS , L) = (2, 2, 20) (dashed
blue) and (3, 3, 27) (solid red). The results are obtained by
exact diagonalization averaging over 50 and 25 random ini-
tial conditions, respectively. The shaded region indicates ap-
proximately the region of fast decay due to quasi-resonances.
We depict for comparison the results for (3, 3, 27) for ⌦/J =
0.13 (dotted pink). The inset shows the IPR for (3, 3, 27) for
⌦/J = 0.013 (solid red) and ⌦/J = 0.13 (dotted pink).

S’s and D’s can swap their positions. Note that these
swaps are crucial, since for ⌦ = 0, i. e. J/|V | ! 0,
due to the hard-core constraint D’s and S’s would block
each other mutually, and the system would be trivially
localized. For finite J/|V | ⌧ 1 the situation is more in-
triguing since the motion of D’s changes the energy of the
S gas [46]. If this change, �E � J

D

,⌦, the motion of
D’s is hindered. However, limited quasi-resonant D mo-
bility, involving �E < J

D

,⌦, remains possible, leading
to partial D di↵usion at times ⇠ 1/⌦. The fact that the
particles can in principle extend over the whole lattice
via S-D swaps makes the problem non-trivial.

We have performed exact diagonalization calculations
with periodic boundary conditions (PBC) of the evolu-
tion of the many-body state | (t)i given by Model (2) for
small systems (n
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D
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S’s and L
eff

. We
average over various initial random distributions of D’s
and S’s at fixed positions in the e↵ective lattice. Figure 4
shows for ⌦/J = 0.013 (V = �100J) the dynamics of
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) [9]. Perfect homogene-
ity means �N = 0. In Fig. 4 we depict for comparison
the results for ⌦/J = 0.13 [47]. Whereas for ⌦/J = 0.13,
D’s di↵use within a time scale 1/⌦, for ⌦/J = 0.013
quasi-resonances allow only a fraction of D’s to delocal-
ize in this time scale (shaded region in Fig. 4) and a much
slower dynamics follows. This slow dynamics is charac-
teristic of systems with PBC due the collective motion of
all D’s [10]. Consistent with this, the time scale of the
slow D dynamics for the (n
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, n
S

, L) = (3, 3, 27) case is
approximately 10 times longer than that for (2, 2, 20) [48].

We hence expect an exponentially diverging time scale for
the slow-dynamics for growing number of dimers.
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many-body states |⌫i account-

ing for all possible distributions of S’s and D’s in the
e↵ective lattice. MBL may be visualized as localiza-
tion in this many-body space. The latter is best quan-
tified by the inverse participation ratio (IPR), ⌘(t) ⌘

1
n

max

⇥P
⌫

| (⌫; t)|4
⇤�1

; a fully delocalized (localized)
state presents ⌘ ⇠ 1 (⇠ 1/n

max

). Whereas for ⌦/J =
0.13, ⌘(t) ⇠ 1 at ⌦t < 10, for ⌦/J = 0.013, ⌘(t) remains
very small even for ⌦t � 1 (inset of Fig. 4), showing the
appearance of quasi-localization in the many-body space.

Experimental feasibility.– The previous scenarios can
be realized with polar molecules in OLs, as we illus-
trate for the case of NaK, which possesses an elec-
tric dipole of 2.72 Debye in its lowest ro-vibrational
level [49]. We consider the realistic case of partially
polarized molecules with 1 Debye. For a lattice spac-
ing of 532nm, V/h ' 1kHz. Assuming a lattice depth
of 18E

rec

, with E
rec

/h ' 2.75 kHz the recoil energy,
J/h ' 10Hz= |V |/100, and hence 1/⌦ ⇠ 1s. As shown
in Fig. 4 the slow dimer dynamics can be much larger,
stretching well beyond a minute, which is the typical
maximal life time in experiments. Localization can be
explored either in expansion experiments, or by site-
resolved measurements. Moreover, the formation of a
repulsive gas with attractive DDI can be readily moni-
tored. Tightening an overall harmonic trap should result
in the formation of an incompressible crystalline core that
can be revealed by measuring the saturation of the mean
radius of the sample and/or by site-resolved measure-
ments. Furthermore, BR hinders two or more molecules
to gather at the same site, preventing chemical recombi-
nation losses despite attractive DDI.

Summary.– The absence of dissipation leads to rich
out-of-equilibrium dynamics in polar lattice gases char-
acterized by the formation of inter-site bound clusters
and blockade repulsion even for attractive DDI. The
combination of these e↵ects with the control possibili-
ties of ultra-cold gases may allow the realization of e↵ec-
tive repulsive 1D gases with attractive DDI, the creation
of dynamically-bound crystals, and most interestingly,
quasi-MBL in absence of disorder. The latter opens in-
teresting perspectives for observing a dynamical phase
transition in polar lattice gases from a delocalized to a
quasi-MBL regime as a function of the V/J ratio.
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Quasi-Many Body localisation

In our case as well as for the seminal studies on 3He in 4He they 
arise within the same particle.  
(In the same spirit Carleo et al., Sci. Rep. (2012)) 

In the more modern proposals two kind of dynamical variables 
exists (Schiulaz&Müller, Grover&Fisher, De Roeck&Huveneers). 
(While at the beginning MBL was claimed, the weaker version of quasi-MBL/
asymptotic localisation is the accepted scenario) 

There are a few examples/proposals for (quasi- or asymptotic-) 
localisation in translational invariant system. 
A common feature is the energy scale separation of fast and  
slow moving object.



Quasi-Many Body localisation

ture increases, the localization gradually disappears due to
fluctuations of levels as a result of interactions with phonons
and, in the case T > Se, when two-phonon processes are ef-
fective, the diffusion coefficient of particles D is described by
the expression

(T)
(1)

where zJ = A, J is the tunneling amplitude, z is the coordina-
tion number, Se = a U0 x

4f3, U0 is the elastic interaction con-
stant, x is the particle concentration, fip (T) = B (T /& f0,0
is the Debye temperature, and B and a are numerical coeffi-
cients. It is interesting to note that for Se = 0, Eq. (1) goes
over into the well-known Andreev-Lifshitz equation,2 pre-
dicted and confirmed for quantum diffusion in a gas of im-
puritons interacting with phonons in the lattice, when D in-
creases sharply with decreasing temperature according to
thelawi)~r~9.For5£'>J4,thedependenceZ) hasanentire-
ly opposite form and D~T9, i.e., the diffusion coefficient
drops just as sharply with decreasing temperature as for
T = 0 and D — 0, which should not occur in the case of band
type quantum diffusion.

The purpose of the present work was to investigate ex-
perimentally the diffusion of He3 in the hexagonal closely
packed phase of the solid solutions He3-He4 over a wide
range of He3 concentrations and densities and to observe the
strong localization of He3 atoms. The He3-He4 system is
apparently one of the most suitable systems for studying the
phenomena predicted in Ref. 1. The extremely narrow ener-
gy band (A ~ 10~* K) permits having a disordered system
(T > A ), which does not decay (T> Ts, Ts is the separation
temperature of the solution) down to quite low tempera-
tures. Due to the inequality T > U0, where U0 = 10~2 K, all
configurations of He3 atoms are statistically equivalent in
the range of temperatures investigated ( Z 0.4 K), but the
system is strongly interacting (U0 > A ).

To perform the investigations, a special low-tempera-
ture pulsed magnetic-field gradient technique was devel-
oped. This technique permitted measuring record low values
of the diffusion coefficient 10~12 cm2/s in solid helium using
a pulsed nuclear magnetic resonance apparatus.

Figure 1 shows the results of the experimental investi-
gations of the diffusion coefficient of He3 over a wide range
of He3 concentrations and temperatures, where practically
all currently known mechanisms of diffusion in solid helium
are clearly evident. At the lowest He3 concentrations, coher-
ent band-type quantum diffusion occurs, due to scattering of
impuritons by phonons and by one another. As the concen-
tration increases, the trend in the temperature dependence of
D changes and for maximum concentrations of ~ 5% He3, a
regime with strong localization with D~T9, predicted by
Kagan and recently discovered experimentally,3 becomes
clearly evident. At high temperatures (T> 1.5 K), He3 diffu-
sion through vacancies, which makes a significant contribu-
tion only for concentrated solutions, is added.

The averaged values ofD (see Fig. 1) in the region of the
low-temperature plateau are shown in Fig. 2, where analo-
gous results for other densities are also shown. The behavior
of Z), as is evident in Fig. 2, clearly deviates from band diffu-
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FIG. 1. Temperature dependence of the diffusion coefficient of He3 in the
hep phase of solid solutions. 1,2) curves for v = 21.0 and 20.5 cmVmole,
respectively, characterizing quantum diffusion for Se = 0; 3) 0.006%; 4)
0.05% He3, u = 21.0 cmVmole; 5) 0.25%; 6) 2.17%; 7) 4.0% He3,
v = 20.7 cmVmole; 8) 4.98% He3, v = 20.5 cmVmole.

sion (dashed line) and has a tendency to go over into the state
of localization with concentration equal to some critical val-
ue. As Kagan and Maksimov recently showed,4 in this case,
the percolation approach to diffusion of He3 in solid He4 is
valid; they confirmed the interpolation equation, describing
the well-known mechanisms of quantum diffusion in the en-
tire x-rplane. In the region of the low-temperature plateau,
as the critical concentration is approached, the critical be-
havior of A related to a decrease in the number of neighbor-
ing nodes with a displacement less than the width of the band
and entering into the formation of an infinite cluster, must
occur, the corresponding critical dependence has the form

D =
const (2)

The continuous curves in Fig. 2 correspond to critical depen-
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FIG. 2. Concentration dependence of the coefficient of quantum diffusion
in the region of the low temperature plateau for different densities: v (cm3/
mole) = 20.7 (1), 20.5 (2), and 19.9 (3).
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tures. Due to the inequality T > U0, where U0 = 10~2 K, all
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system is strongly interacting (U0 > A ).

To perform the investigations, a special low-tempera-
ture pulsed magnetic-field gradient technique was devel-
oped. This technique permitted measuring record low values
of the diffusion coefficient 10~12 cm2/s in solid helium using
a pulsed nuclear magnetic resonance apparatus.

Figure 1 shows the results of the experimental investi-
gations of the diffusion coefficient of He3 over a wide range
of He3 concentrations and temperatures, where practically
all currently known mechanisms of diffusion in solid helium
are clearly evident. At the lowest He3 concentrations, coher-
ent band-type quantum diffusion occurs, due to scattering of
impuritons by phonons and by one another. As the concen-
tration increases, the trend in the temperature dependence of
D changes and for maximum concentrations of ~ 5% He3, a
regime with strong localization with D~T9, predicted by
Kagan and recently discovered experimentally,3 becomes
clearly evident. At high temperatures (T> 1.5 K), He3 diffu-
sion through vacancies, which makes a significant contribu-
tion only for concentrated solutions, is added.

The averaged values ofD (see Fig. 1) in the region of the
low-temperature plateau are shown in Fig. 2, where analo-
gous results for other densities are also shown. The behavior
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dences with t = 1.7. The value of the critical concentration
for v — 20.7 cmVmole lies in the range 6 5 xc 5 8% He3. We
note that the index t found is close to the critical index of
electrical conduction with a metal-insulator phase transi-
tion.5 Using the interpolation equation in Ref. 4 with well-
known quantum diffusion parameters and the found values
of xc and t, it was possible to calculate the theoretical curves
of D for the entire range of concentrations and densities stud-
ied. The continuous curves in Fig. 1 are the result of this
calculation. As is evident in Fig. 1, theory and experiment
agree quite well.

Thus, in this work, we investigated the diffusion of He3

in solid He3-He4 solutions up to concentrations ~5% He3

and we observed the phenomenon of strong localization of
He3 atoms and phonon delocalization in complete agree-
ment with the predictions of Kagan's theory. In the region of

strong localization, a critical behavior of the diffusion coeffi-
cient of He3 was found. The theory of localization developed
was compared with the experimental data over a wide range
of parameters and their agreement was demonstrated.
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Scientific session of the Division of General Physics and Astronomy and Division of
Nuclear Physics of the Academy of Sciences of the USSR (27-28 April 1983)
Usp. Fiz. Nauk 141, 546 (November 1983)

PACS numbers: 01.10.Fv

A joint scientific session of the Division of General
Physics and Astronomy and the Division of Nuclear Physics
of the USSR Academy of Sciences was held on April 27 and
28,1983 at the S. I. Vavilov Institute of Physical Problems of
the USSR Academy of Sciences. The following reports were
presented at the session:

April 27
1. R. A. Syunyaev, Compton scattering in astrophysics

(intergalactic gas, accretion disks around black holes, x-ray
pulsars).

2. Ya. E. Einasto, Observable large-scale structure of
the universe.
April 28

3.M. V. VoVkenshtein, The essence of biological evolu-
tion.

4. O. B. Ptitsyn, Physical principles of protein struc-
tures.

5. A. A. Vazina, Liquid crystals and biological mobility.
A brief summary of three of the reports is published

below.

M. V. Vol'kenshtein, The essence of biological evolu-
tion. It is mistaken to believe that the Darwinian theory of
evolution is obsolete, since there is neither enough material
nor time for the appearance of the present biosphere. Biolo-
gical evolution is a specific manifestation of the development
of the universe, and its phenomenological interpretation
consists of examining a dissipative system far from equilibri-
um, maintained by an outflow of entropy. The adequacy of
material for evolution is determined by the extensive vari-
ability in any population and the high content of heterozy-
gotes, which represent mutant genotypes. It is believed that
only a single directing factor is operative in evolution: natu-
ral selection. In reality, there is a second, no less, if not more,
powerful factor: the completed structural type and develop-
ment of the organism. Evolution has a directed and irrevers-
ible nature. Genetically programmed reading of positional
information, i.e., the regulator action of genes, is determin-
ing. Not only the structure of the functional molecules (pri-

marily proteins), but also the location and time of their ac-
tion are important. In view of the directedness of evolution,
by no means all traits have adaptive value. The usual ques-
tion in biology, viz., "Why?", by no means always has an
answer.

Evolutionary theory distinguishes micro- and macroe-
volution. The former indicates accumulation of small
changes in a population and the second means the appear-
ance of new species and higher order taxons. It can be shown
that speciation and macroevolutionary processes have the
nature of phase transitions. These transitions can be more or
less sharp and, correspondingly, the concepts of point equi-
librium and phyletic gradualism are used in biological the-
ory. Apparently, both occur. At the molecular level, evolu-
tion is manifested in the difference in the composition and
sequence of amino acid residues in homologous proteins.
Based on this, it is possible to construct evolutionary trees. It
may be considered as proven that many evolutionary substi-
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gy band (A ~ 10~* K) permits having a disordered system
(T > A ), which does not decay (T> Ts, Ts is the separation
temperature of the solution) down to quite low tempera-
tures. Due to the inequality T > U0, where U0 = 10~2 K, all
configurations of He3 atoms are statistically equivalent in
the range of temperatures investigated ( Z 0.4 K), but the
system is strongly interacting (U0 > A ).

To perform the investigations, a special low-tempera-
ture pulsed magnetic-field gradient technique was devel-
oped. This technique permitted measuring record low values
of the diffusion coefficient 10~12 cm2/s in solid helium using
a pulsed nuclear magnetic resonance apparatus.

Figure 1 shows the results of the experimental investi-
gations of the diffusion coefficient of He3 over a wide range
of He3 concentrations and temperatures, where practically
all currently known mechanisms of diffusion in solid helium
are clearly evident. At the lowest He3 concentrations, coher-
ent band-type quantum diffusion occurs, due to scattering of
impuritons by phonons and by one another. As the concen-
tration increases, the trend in the temperature dependence of
D changes and for maximum concentrations of ~ 5% He3, a
regime with strong localization with D~T9, predicted by
Kagan and recently discovered experimentally,3 becomes
clearly evident. At high temperatures (T> 1.5 K), He3 diffu-
sion through vacancies, which makes a significant contribu-
tion only for concentrated solutions, is added.

The averaged values ofD (see Fig. 1) in the region of the
low-temperature plateau are shown in Fig. 2, where analo-
gous results for other densities are also shown. The behavior
of Z), as is evident in Fig. 2, clearly deviates from band diffu-
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of localization with concentration equal to some critical val-
ue. As Kagan and Maksimov recently showed,4 in this case,
the percolation approach to diffusion of He3 in solid He4 is
valid; they confirmed the interpolation equation, describing
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havior of A related to a decrease in the number of neighbor-
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occur, the corresponding critical dependence has the form
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FIG. 2. Concentration dependence of the coefficient of quantum diffusion
in the region of the low temperature plateau for different densities: v (cm3/
mole) = 20.7 (1), 20.5 (2), and 19.9 (3).
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Outlook & Open Questions

1) Simulate directly the dipolar Bose-Hubbard-Model  
2) Other quantities: entanglement entropy, 1-body density matrix… 
3) Two-dimensional systems

1D polar gases may present quasi-MBL for moderate interaction 
and low filling due to bound pairs and blockade repulsion.

- The MBL scenario is that the transition localised-
ergodic pass through a subdiffusive regime. 
Mikheev et al. instead seem to have a diffusion 
constant going zero? 

- Can this system really show MBL, and not be in the 
quasi-MBL class 


